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 ,ԙӣᐿᬩᓒ̵ٺ̵ےၿ݊ݝਫᴬᦇᓒӾ, ኧԭग़ᶱୗࣁ
፜ᜓࣈහጱᬪ݄֒ᬩᓒਖ਼ํපڍྌአग़ᶱୗ֢ԅ॔๥ࢩ

ᬩᓒᰁ.

౯ժᎣ᭲, ᝑ � � ࣁ  � ੕, ᮎԍ୮ݢ॒   உੜ෸

	 � 


ԅԧ൉ṛᔜᏟଶ, ஠ᶳᘍᡤአๅṛེහጱग़ᶱୗ֢᭧ᬪ. 

f(x) x0 Δx
f(x0 + Δx) = f(x0) + f′�(x0)Δx

≈ f(x), ᔜᏟଶ੒ΔxԅӞᴤ

+ o(Δx)
᧏૧

� /�2 23



̓Taylor Ӿ꧊ਧቘ̈́ᦡڍහ � � ތ۱ࣁ   ጱ຤ӻ୏܄
ᳵ �  Ӥ �  ᴤݢ੕. ڞ੒ � :


� 	 


ᬯ᯾ �  Օԭ �  Ө �  ԏᳵ. 

f(x) x0
(a, b) n+ 1 x ∈ (a, b)

f(x) = f(x0) + f′ �(x0)(x − x0) + f′ �′ �(x0)
2! (x − x0)2

+ ⋯ + f (n)(x0)
n! (x − x0)n+ Rn(x), (1)

Rn(x) = f (n+ 1)(ξ)
(n+ 1)! (x − x0)n+ 1, (2)

ξ x0 x
� /�3 23



	

� 


ᑍԅ � � ࣁ   ॒ጱଃ೉໒๔෭֟ᶱጱးلۦୗ҅


�  ᑍԅ೉໒๔෭֟ᶱ, 

�  ᑍԅ �  ེးۦग़ᶱୗ. 

f(x) = f(x0) + f′ �(x0)(x − x0) + ⋯ + f (n)(x0)
n! (x − x0)n

= :pn(x)

+ Rn(x)

f(x) x = x0

Rn(x) = f (n+ 1)(ξ)
(n+ 1)! (x − x0)n+ 1

pn(x) =
n

∑
k= 0

f (k)(x0)
k! (x − x0)k n
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ӧᵱᥝ֟ᶱጱᔜᏟᤒᬡୗ෸, ౯ժํࣁ
̓ਧቘ̈́ᦡڍහ � � ތ۱ࣁ   ጱ຤ӻ୏܄ᳵ �  Ӥ 

�  ᴤݢ੕. ڞ੒ � :


� 


ᑍԏԅ � � ࣁ   ॒ጱଃ֫Ե᧚֟ᶱጱးلۦୗ҅
֟ᶱ �  ᑍԅ ֫Ե᧚ҁPeano҂֟ᶱ. 

f(x) x0 (a, b)
n+ 1 x ∈ (a, b)

f(x) =
n

∑
k= 0

f (k)(x0)
k! (x − x0)k + o((x − x0)n) . (3)

f(x) x = x0
o((x − x0)n)
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iU ( Peawo h,tLhbT"Ytxzf;\ )

frTa\l* 416'at9 *,w

Jtxl= $tx,r * lrx't rx-yn) + --- + {-"rxa ,' lil (x-x")

+ & (x-yo)q
n!

3\t x' 5 x2To)

4-l

Vn
Vn lxt(x-m' * (+"'ry t * th'tx4) -?o ( x-x")

) lnrx) , o ( rxa,)q) e,f fi,1 m 3 {h,tt)tt (a,b) rtf* a



l1ln ia f rxt tre€ xo 6bH?E i0) h,D vn itft aea, )e tu'rq frlt
ur.,4

Vr,e [4.b): l,xl, lrtV)+ o( tx*i')
iL, A \h U): : f ry1- | ntfl, 1fr,,l

Yn t)e ): .-. ; ,(l'' rxd = o

T1,A, y, (il : o (t y-y..1r)

#A{,P (w t6 , 3 u,l Dt, Ap ,& *
+4"v, ltvra {lX)

X)Yo y-Xo _ li*r- X)xo
{,tx)-qx,)

Y -Yo

( x-lv")

Y1r"1 : o

,Dl$ \il i; j r= V-wf Btg (r,h tZ rvo

Qtx) :: r'Ix ) Y*l ,41X") ; r.4.rtxo) ; Y fX., --"'o
(tr4*.v. 6

Wo.
--=.4

(r I X,") = yft rc)=. . fl/ (,(il:o(y-y) (X)/")

I0 T

YtX"): t'(Xo) , '. : rhfl 1x.,;;a Yl/ ( tx) -- "(rx-x-;te*t;
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�  3.2.2 Ἀظ۞຋ҁMaclaurin҂لୗ §
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̓ਧԎ̈́ࣁးلۦୗ �  Ӿᝑݐ � � ڞ  � ࣁ   Ө �  
ԏᳵ. ಅզ � 
ํڞ ,

� 


ᑍԅἈظ۞຋ҁMaclaurin҂لୗ. 

(1) x0 = 0, ξ 0 x
ξ = θx (0 < θ < 1)

f(x) = f(0) + f′ �(0)x + f′ �′ �(0)
2! x2 + ⋯ + f (n)(0)

n! xn+ Rn(x),

Rn(x) = o(xn) ౲ Rn(x) = f (n+ 1)(θx)
(n+ 1)! xn+ 1, (θ ∈ (0,1)),
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 ୗ̈́ل຋۞ظහጱἈڍᒵڡӻپ̓

1. � 

ኧԭ  � ,  ඳํ


	 	 � 


ٌӾ �  ౲


	 	 �  

f(x) = ex

f (k)(x) = ex, f (k)(0) = 1 (∀ k ∈ ℕ)

ex = 1 + x + x2

2! + x3

3! + ⋯ + xn

n! + Rn(x),

Rn(x) = o(xn)

Rn(x) = eθx

(n+ 1)! xn+ 1 (0 < θ < 1) .
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2.	 	 � 


� 


ٌӾ �  ౲


�  

f(x) = cos x

cos x = 1 − x2

2! + x4

4! − ⋯ + (− 1)m x2m

(2m)! + R2m+ 1(x),

R2m+ 1(x) = o(x2m+ 1)
R2m+ 1(x) = x2m+ 2

(2m + 2)! cos (θx + 2m + 2
2 π) (0 < θ < 1) .
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3.	 	 � 


� 


ٌӾ �  ౲


� 


̓ဳ̈́� , ᘒ �  ጱ �  ེးۦग़ᶱୗ௴

ԅ �  ጱ �  ེးۦग़ᶱୗጱ੕හ. 

f(x) = sin x

sin x = x − x3

3! + x5

5! − ⋯ + (− 1)m− 1 x2m− 1

(2m − 1)! + R2m(x),

R2m(x) = o(x2m)
R2m(x) = x2m+ 1

(2m + 1)! sin (θx + 2m + 1
2 π) (0 < θ < 1) .

cos x = (sin x)′� cos x n
sin x n+ 1
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4.	 	 � 


� 


ٌӾ �  ౲ 


� 


�  

f(x) = (1 + x)α (x > − 1)
(1 + x)α = (α

0) + (α
1) x + (α

2) x2 + ⋯ + (α
n) xn+ Rn(x),

Rn(x) = o(xn)

Rn(x) = ( α
n+ 1)(1 + θx)α− n− 1xn+ 1 (0 < θ < 1),

(α
k) := α(α − 1)⋯(α − k + 1)

k! .
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ᇙࣈڦ,


1). ୮ �  ෸, � 


	 	 � 


ᬯฎᆧᎣጱԫᶱୗ઀୏ਧቘ, ֟ᶱԅᵭ.


α = m ∈ ℕ (α
k) = {Ck

m, 0 ≤ k ≤ m,
0, k > m .

(1 + x)m =
m

∑
k= 0

(m
k) xk =

m

∑
k= 0

Ck
mxk,
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2). ୮ �  ෸, � 
ྌࢩ ,

	 	 � 


֟ᶱԅ �  ౲


�  

α = − 1 (− 1
k ) = (− 1)k

1
1 + x

= 1 − x + x2 − ⋯ + (− 1)nxn+ Rn(x),

Rn(x) = o(xn)

Rn(x) = (− 1)n+ 1 xn+ 1

(1 + θx)n+ 2 (0 < θ < 1) .
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3). ୮ �  ෸, ᝑ � 
ڞ ,

� 


�  

α = 1/2 k > 1

(
1
2
k) =

1
2 ( 1

2 − 1)⋯( 1
2 − k + 1)

k!

=
(1 − 2)(1 − 4)⋯(1 − 2(k − 1))

2kk! = (−1)k−1 (2k − 3)!!
(2k)!! ,

m!!:= {m(m − 2)(m − 4)⋯6 ⋅ 4 ⋅ 2, m = 2j,
m(m − 2)(m − 4)⋯5 ⋅ 3 ⋅ 1, m = 2j + 1.

1 + x = 1 + x
2 +

n

∑
k= 2

(−1)k−1 (2k − 3)!!
(2k)!! xk + o(xn) .

� /�14 23



4). ୮ �  ෸, ᝑ � 
ڞ ,

� 


�  

α = − 1/2 k ≥ 1

(− 1
2
k) =

− 1
2 (− 1

2 − 1)⋯(− 1
2 − k + 1)

k!

=
(−1)(−1 − 2)(−1 − 4)⋯(−1 − 2(k − 1))

2kk! = (−1)k (2k − 1)!!
(2k)!! ,

1
1 + x

= 1 +
n

∑
k= 1

(−1)k (2k − 1)!!
(2k)!! xk + o(xn) .
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5.	 	 � 


� 


ٌӾ �  ౲   


�  

f(x) = ln(1 + x) (x > − 1)

ln(1 + x) = x − x2

2 + x3

3 − … + (− 1)n− 1 xn

n
+ Rn(x),

Rn(x) = o(xn)

Rn(x) = (− 1)n

n+ 1
xn+ 1

(1 + θx)n+ 1 (0 < θ < 1) .
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�  3.2.3 းلۦୗጱଫአ §
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Ӟ̵ᬪ֒ᦇᓒ 

� 


᧏૧: 	 � 


� : 	 	 � � ތ۱ࣁ  Ө �  ጱ຤܄ᳵٖጱӤኴ 

f(x) ≈ f(0) + f′ �(0)x + f′ �′ �(0)
2! x2 + … + f (n)(0)

n! xn

|Rn(x) | ≤ M
(n+ 1)! |x |n+ 1

M | f (n+ 1)(x) | 0 x
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ԫ̵ڥአးلۦୗ࿢ຄᴴ 

ֺ̓̈́࿢  � 


ӣ̵ڥአးلۦୗᦤกӧᒵୗ 

ֺ̓̈́ᦤก �  

lim
x→0

3x + 4 + 4 − 3x − 4
x2

1 + x > 1 + x
2 − x2

8 (x > 0)
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