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In this article, we propose and investigate several iterative methods for
approximating fixed points of a firmly nonexpansive-type mapping and for
finding a common element of the set of fixed points of the firmly
nonexpansive-type mapping and the set of solutions of an equilibrium
problem in Banach space. By using the conception of generalized
projection, strong convergence theorems for firmly nonexpansive-type
mappings and equilibrium problems in Banach space are established under
suitable assumptions, which extend and modify some known results in the
literature.
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1. Introduction

Let E be a real Banach space with the dual space E*. The norm and the dual pair
between F and E* are denoted by ||-|| and (-, -), respectively. Let C C E be a nonempty
closed convex set. A mapping S on a subset C of E'is called a nonexpansive mapping
if |Sx — Sy|| <|lx—y| for all x,y e C. We denote by F(S) the set of fixed points of S,
that is, F(S)={xe C:Sx=x}. Let M: E — 2" be a maximal monotone operator
(see, e.g. [5,7,12,14,16]).

In [19], Reich proved a weak convergence theorem for finding a common
asymptotic fixed point of a finite family of strongly nonexpansive mappings in a
Banach space. Furthermore, he studied the proximal point algorithm for maximal
monotone operators in a Banach space. By applying the conception of generalized
projection, Kamimura et al. [12] introduced an iterative sequence for a maximal
monotone operator, and proved the strong and weak convergence of the iterative
sequence under different conditions. Moreover, they also explored the convex
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minimization problem and the variational inequality problem by the obtained
results. In 2008, Li and Song [16] introduced the following algorithm:

Xxo € E chosen arbitrarily,

Yn = Jﬁl(/gn-](xn) + (1 — ﬁn)J(Jr”xn))a

Xupt = I @ (x0) + (1 — @) (3n)), neZy,
where J, = (J+rM)~"J, {a,}, {,} €(0,1) and J is the duality mapping on E. They
derived a strong convergence theorem and a weak convergence theorem under
different conditions respectively, and gave an estimate of the convergence rate of the
algorithm.

In Hilbert spaces, Nakajo and Takahashi [17] considered the sequence {x,}

generated by

Xo=x€eC,

Yn = Xy + (1 — ) Sxy,
Co={zeC: (x, —z,x0 — Xx,) = 0},
On=1{zeC: yn—zl = llxp — zII},

Xnt1 = Pe,ng,x, neZy,

where C is a nonempty closed convex subset of a Hilbert space, P is metric projection
operator, {«,} C[0,a] for some a [0, 1). They showed that {x,} converges strongly
to Pps)Xo by the hybrid method, and obtained a strong convergence theorem for a
family of nonexpansive mappings in a Hilbert space.

Let /i Cx C— R. Blum and Oettli [3] understood the equilibrium problem
by finding x € C such that

f(x,») =0 VyeC. (1.1)

Denote the set of solutions of (1.1) by EP(f). The equilibrium problem provided a
very general formulation of variational problems such as:

(i) Minimization problem: find x € C such that g(x) <g(y) for all y € C, where
g: C— R is a functional. In this case, we define f(x,y)=g(y) — g(x) for all
x,yeC.

(i1) Variational inequality: find x € C such that (G(x), y —x) >0 for all ye C,
where G: C— E™ is a mapping. In this case, we define f(x, y) = (G(x), y — x)
for all x,y e C.

Considerable problems in physics, structural analysis, optimization, management
science, economics and transportation equilibrium coincide to find a solution of
(1.1). Some methods have been proposed to solve the equilibrium problems
(see, e.g. [3,4,6,21]). Recently, Takahashi and Zembayashi [22] proved the strong
and weak convergence theorems for finding a common element of the set of solutions
of the equilibrium problem (1.1) and the set of fixed points of a relatively
nonexpansive mapping in a Banach space. Ceng et al. [4] introduced the following
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algorithm:

Xo € E chosen arbitrarily,

yn = J @ (x0) + (1 = e)(Bp (xn) + (1 = Ba) (], %)),
STy, ) + % V=T yn Tr,yn = Jyn) 20 VyeC,

Wy ={z€C: {xn — 2, J(x0) — J(xn)) = O},

Hn = {Z € C: ¢(Z’ 7-')‘,,.)/71) S an¢(2a XO) + (1 - an)¢(z> xn)}a
Xpr1 = Mp,aw,x0, neZ,,

where J,, = (J + rnM)*lJ, {o,}, {Bs} € 0, 1], and {r,} € (0, 00). They proved a strong
convergence theorem and a weak convergence theorem for a common element of the
set of solutions of the equilibrium (1.1) and the set of zero points of a maximal
monotone operator M in a Banach space under suitable conditions.

Motivated and inspired by above works, the purpose of this article is to introduce
and investigate several iterative sequences convergence to a fixed point of a firmly
nonexpansive-type mapping (see, Section 2) and a common element of the set of
fixed points of the firmly nonexpansive-type mapping and the set of solutions of the
equilibrium problem (1.1), respectively. By using generalized projection, strong
convergence theorems for firmly nonexpansive-type mappings and equilibrium
problems in a Banach space are established under some suitable assumptions.

The remaining of this article is organized as follows. In Section 2, we introduce
preliminary results. In Section 3, we investigate the strong convergence theorems for
a firmly nonexpansive-type mapping. In Section 4, we explore the strong conver-
gence theorem for a common element of the set of fixed points of the firmly
nonexpansive mapping and the set of solutions of equilibrium problem (1.1). Finally,
we conclude this article in Section 5.

2. Preliminaries

Throughout this article, we denote by Z, and R the set of nonnegative integers and
real numbers, respectively. Let C be a nonempty closed convex subset of a Banach
space E, and let 7' E— C and F(T)={z€ C: Tz=z}. We denote by J the normalized
duality mapping from E to 2 defined by

J(x) = {j(x) € E*: (j(x),x) = i )lIxIl = [j I = Ix]1%}.

Without confusion, one understands that || j(x)|| is the E*-norm and |x]| is the
E-norm. Many properties of the normalized duality mapping J can be found
(see, e.g. [1,2,8,10,20,22]).

We list the follows properties:

(pl) J(x) is nonempty for each x € E.

(p2) J is a monotone and bounded operator in Banach space.

(p3) J is a strictly monotone operator in strictly convex Banach space.

(p4) J is the identity operator in Hilbert space.

(p5) If E is a reflexive, smooth and strictly convex Banach space and J*: E* — 2F is
the normalized duality mapping on E*, then J~! = J*, JJ* = I~ and J*J = I, where
I and I+ are the identity mapping on E and E*, respectively.
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(p6) If E is a strictly convex Banach space, then J is one to one, i.e.

x#£y=Jx)NJ(y) =0.

(p7) If E is smooth, then J is single-valued.

(p8) E is a uniformly convex Banach space if and only if E* is uniformly smooth.
(p9) If E is a uniformly convex and uniformly smooth Banach space, then J is
uniformly norm-to-norm continuous on bounded sets of E and J '=J* is also
uniformly norm-to-norm continuous on bounded sets of E™.

Let ¢: E x E— R be defined as follows:

¢(x,y) = x> = 2(x, J(»)) + | yI* Vx,yeE.

Remark 2.1 [5,15,20] (1) If E is a reflexive, strictly convex and smooth Banach
space, then for all x, y € E, ¢(x,y)=0 if and only if x=y; (i) If E is a Hilbert space,
then ¢(x, y) =||x — y||* for all x,y € E.

Notation — stands for weak convergence and — for strong convergence.

We first recall some definitions and lemmas which are needed in the main results
of this work.

AssUMPTION 2.1  Let C be a nonempty closed convex subset of a uniformly convex and
uniformly smooth Banach space E, and let f- C x C — R satisfy the following conditions
(CH—(C4):

(C1) filx,x)=0 for all xe C.
(C2) f is monotone, i.e. f(x,y)+f(y,x) <0, for all x,y € C.
(C3) fis upper hemicontinuous, i.e. for all x,y,z e C, such that

limsupf(z + (1 — 0)x,y) < f(x,).

t—0t
(C4) For all xe C, f(x,-) is convex and lower semicontinuous.

Definition 2.1 [1,2] We say that [1c: E— 2 is a generalized projection operator if

HC(X) = {ZG C: ¢(Z’ X) = ¢(y7 X) Vy € C}

Remark 2.2 [9,15] If E is a strictly convex Banach space, then the generalized
operator IT(x) is nonempty and single valued.

Remark 2.3 1f E is a Hilbert space, then the generalized projection operator is
equivalent to the following metric projection operator

Pe(x) ={zeC: x—z|* < |y — 2> Vye C).

Definition 2.2 [18,20] Let C be a nonempty closed convex subset of a smooth,
strictly convex and reflexive Banach space E.

(1) T:C— C s called a firmly nonexpansive-type mapping if, for all x,ye C,

O(Tx, Ty) + ¢(Ty, Tx) < ¢(Tx,y) + ¢(Ty, x) — ¢(Tx,x) — Ty, y),
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or equivalently,
(Tx = Ty, J(Tx) = J(Ty)) = (Tx = Ty,J(x) = J(y)).

(2) T:C— C is called closed, if for any sequence {x,} C C with x,— x and
Tx,— y, then Tx=y.

(3) T: C— C is called a relatively quasi-nonexpansive mapping if, F(T)#{# and
d(p, Tx) <p(p,x) for all xe C and pe F(T).

Remark 2.4 If E is a Hilbert space, then firmly nonexpansive-type mapping
reduces to nonexpansive mapping.

Example 2.1 [11] If C is a nonempty closed convex subset of a strictly convex,
smooth and reflexive Banach space E and P is the metric projection of E onto C,
then T=1— P is a firmly nonexpansive-type mapping.

From the Definition 2.2, the following proposition holds:

ProposiTioN 2.1 Let T: C— C be firmly nonexpansive-type mapping such that
F(T)#W. Then the following statements hold:

(1) ¢(p, Tx)+ d(Tx,x) =¢(p,x) Vp e F(T), x € C;
(2) ¢(p.Tx)<p(p.x) Vpe K(T), xeC.

From Proposition 2.1, it is easy to see that a firmly nonexpansive-type mapping is
relatively quasi-nonexpansive mapping.

Lemma 2.1 [13]  Let E be a uniformly convex and smooth Banach space and let {x,}
and {y,} be two sequences of E. If ¢(x,, y,) — 0 and either {x,} or {y,} is bounded, then
X, —y,— 0.

Lemma 2.2 [1,2,13] Let C be a nonempty closed convex subset of a smooth, strictly
convex and reflexive Banach space E, and let x € C and z € C. Then

z=Mex & (y—2z,J(x) = J(z)) <0 VxeC.

LemmMma 2.3 [1,2,13] Let C be a nonempty closed convex subset of a smooth, strictly
convex and reflexive Banach space E. Then

¢(x, Tlcy) + ¢y, y) < Pp(x,y) Vx,yeE.

LemmA 2.4 [23]  Let E be a uniformly convex Banach space and let r > 0. Then there
exists a strictly increasing, continuous and convex function g: [0,2r] — R such that
2(0)=0 and

lex + (1= D yIP < x> + A = DI I = o1 = Dg(lx =yl Vx,ye By, 1€[0.1],
where B.={ze€ E:||z|| <r}.

LemmA 2.5[3] Let C be a nonempty closed convex subset of a smooth, strictly convex
and reflexive Banach space E,f. C x C— R satisfy Assumption 2.1 and let r > 0 and
x € E. Then, there exists z € C such that

N+ ly =2~ I 20 VreC.
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LeEmMA 2.6 [22] Let C be a nonempty closed convex subset of a uniformly smooth,
strictly convex and reflexive Banach space E, and let - C x C— R satisfy Assumption
2.1. For r > 0 and x € E, define a mapping T,: E— C by

1
T.(x) = {ze C:f(z,») +;(y —z,J(z) = J(x)) =0 Vye C} VxeE.
Then, the following statements hold:

(1) T, is single-valued.
(i) T, is a firmly nonexpansive-type mapping.
(1) K(T,)=EP(f), and EP(f) is closed and convex.
Lemma 2.7 [18] Let C be a nonempty closed convex subset of a smooth, strictly

convex and reflexive Banach space E, and let T: C— C be a relatively quasi-
nonexpansive mapping. Then F(T) is closed and convex.

ProrosiTiON 2.2 Let C be a nonempty closed convex subset of a smooth, strictly
convex and reflexive Banach space E, and let T: C — C be a firmly nonexpansive-type
mapping. Then F(T) is closed and convex.

Proof 1t directly follows from Lemma 2.7 and Proposition 2.1. This completes the
proof. |

3. Strong convergence theorems for firmly nonexpansive-type mapping

In this section, we shall investigate two iterative sequences’ strong convergence to the
fixed point of firmly nonexpansive-type mapping in a Banach space under some
suitable conditions.

THeOREM 3.1 Let C be a nonempty closed convex subset of a uniformly convex and
uniformly smooth Banach space E, T: C — C be a closed and firmly nonexpansive-type
mapping. Let {x,} be a sequence defined as follows:

xo € C chosen arbitrarily,

zn = 7 (B (xn) + (1 = B)I(TX,)),

Vo = J e (x0) + (1 — a,)J(T2,)),

C,=1{zeC: (z—x,,J(x0) — J(x,)) <0},

On =1{z€C: Pz, yn) < ang(z, x0) + (1 — n)@(z, z)},
Xnp1 = I¢gnp, X0 neZy,

where {a,}, {B,} C[0, 1] satisfy lim,_, .o, =0 and lim,,_, . .8,=1. Then {x,} converges
Strongly to HF(T)x0~

Proof By Proposition 2.2, one has that F(T") is closed and convex. Hence Iy is
well-defined. We now show that C,, and Q,, are nonempty closed and convex. It is
easy to check that C, is closed and convex and Q, is closed. Since, for any z € Q,,

¢(Z, yn) < an(b(z, xO) + (1 - an)¢(z, Zn)a
< a,1¢(Z, X()) + (1 - Otn)¢(2, Zn) - ¢(Z, yn) > 0»
< =2z, a,J(x0) + (1 — ;) (zn) — J(yn))
+ aullxoll* + (1 — a)lizall> = | yull* = 0.
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Let us take arbitrary vy,v,€Q,. Putting v=1v;+ (1 —t)v, Vt€][0,1]. Then, for
each ie{l,2},

—2(v, aJ(x0) + (1 — ) (z0) — J(pn)) + anllxoll* + (1 — a)lizall* = [l yall* > 0.
Therefore, one has

= 2(v, 0, J(x0) + (1 = o) J(z0) = J(y)) + aullxoll* + (1 = e)llzall® = Il yll?
= =21(v1, 0, J(x0) + (1 — ) J(zn) = J(yu)) + Henllxoll” + (1 = a1zl
= lyall®) = 2(1 = O)(v2, e J(x0) + (1 = &)J(z) — J(y))
+ (1= Dellxoll* + (1 = an)llzall* = [l yull*) = 0,

that is, ve Q,. Thus Q,, is convex. Next, let w € F(T). Since

B, yn) = lol* = 2(w, J(30)) + | vll®
= llol* = 2{w, a,J(x0) + (1 — ) J(Tzy))
+ lenJ(x0) + (1 — ) J(Tz) I
< a,p(w, x0) + (1 — a)p(w, Tz,)
< (@, o) + (1 — )@, 2,),
ie, we @, Thus (T)cQ, forallneZ,.

We next show by induction that F(T')C C, for all ne Z . In view of Cy=C, we
get F(T') C Cy. Assume that F(T') C Cy for some ke Z,,. Since x41 = I¢,np, X0, and
from Lemma 2.2, one can conclude

(z = Xk1,J(x0) = J(xk41)) <0 Vze K(T') C C.

This yields w € Cy.. Therefore F(T)c C, Vne Z_. Moreover, F(T)C C,N Q,, for all
neZ, and C,NQ, is nonempty closed and convex, which implies that {x,} is well-
defined. By Lemmas 2.2 and 2.3, one has x,, = I1¢,x¢ and so

¢(xna X()) = ¢)(CU, X()) - d’(wa xﬂ) = ¢(a)9 X()).

Thus {¢(x,, x¢)} is bounded, and {x,} is also bounded. Since ¢(w, Tx,) < ¢(w, x,,),
{Tx,} is bounded. From x,.; = Il¢,ng,Xo € C, N Q,, we conclude

¢(x}19 XO) = ¢(xn+l s XO)‘

Then {¢(x,, xo)} is nondecreasing. Thus the limit of ¢(x,, xq) exists. It follows from
Lemma 2.3 that, for all me Z_\ {0},

¢(xn+m: xn) = ¢(xn+ma l_[C,,XO) = ¢(xn+mv xO) - ¢(Xn, xO)a

which shows that lim,,_, oo®(X,4.m»X,) =0. Particularly, lim,_, o¢(x,.1,x,)=0. By
Lemma 2.1, we have

i [[Xym — %)l = lIm[[x511 — x, [l = 0.
n—00 n—00
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Therefore, {x,} is a Cauchy sequence in C. Let lim,_., x, = x. This together with
Xnt1 = ¢ ng, X0 € O, yields

¢(xn+l ayn) =< aﬂ¢(xl1+17 Xo) + (1 - an)¢(xn+la Zp).
Observe that

GCont1>20) = %117 = 2041, J(20) + Izl
= 1Xng1 17 = 20Xng1, Bl () + (1 = B)I(Tx)
+ 1B () + (1 = B)I(Tx)II?
= ﬂn¢(xn+1 5 X,,) + (1 - ﬂn)¢(xn+1 5 Txn)-
Then
lim ¢(xy41,2,) < lim B,dp(xpt1, X)) + (1 = Bu)P(Xpt1, Tx,) = 0,
n—0o0 n—o0
that is, lim,,_, .o¢(x,11,2,) =0. Consequently, one has
nlingo ¢(xn+l »yn) < nlglgo Oln¢(xn+l, XO) + (1 - al1)¢(xn+la Zn) =0,
that is, lim,,_, oo®(X,, 11, ¥,) =0. By using Lemma 2.1, one has
nli)rgo X041 — yull = nli)rgo IXp41 — 24l = 0.
SiIlCC ”xn - Zn” =< ”xn - xn+1|| + ||xn+1 - Zn||7 one gets
lim Iy — zull = 0.
n— o0
Since J is uniformly norm-to-norm continuous on bounded subset of E,
Tim [1J(x) = Sl = lim 10o1) = Il
= 1im [ (5e1) — Szl
= lim [J(x,41) = J06) | = 0,
Due to

1J(xus1) — Syl = IS (pg1) — and(x) — (1 — ) J(Tz,) ||
> (1 - O[n)”J(X,H_l) - J(Tzn)” - an”-](xn-‘rl) - J(Xn)”,

one concludes

1(xnt1) = J(Tz,)]l <

1—a, (I x1) = Sl + nllJCeng1) = Jx)D)-

Hence, from lim,,_, . @, =0,

im (/1) — J(Tz,)]| = 0.

n—oo
Since J*=J"" is uniformly norm-to-norm continuous on bounded subsets of E*,
we have

lim [|x,41 — Tz,] = 0.
1—>00
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By the monotonicity of J and from Definition 2.3, one has
0 <(Tz, — Tx,,J(Tz,) — J(Txy)) < (Tz, — Txp, J(zy) — J(xn))
and so,
1Tzy — Txall(1(z0) — S|l = 1/(T20) = J(TxW)I) = 0.
Therefore
1/(zn) = Jx)ll = 1/(T20) — J(Toxn) .

From this it immediately follows that lim,,_, o |/(7z,) — J (Tx,)|| = 0. Since J*=J~"
is uniformly norm-to-norm continuous on bounded subsets of E*, we obtain

lim ||z, — Tx,|| = 0.

Note that
X, — Tl < X0 — Xpgt | + [1X041 — Tzl + 11 T2, — T,
This yields that lim,_ o|lx,— Tx,||=0. Since T is closed, this together with
lim,,_, o, X, = X implies that 7x = x. Then x € F(T).
Let @ = Ilgryxo. From both we F(T) C C, and x, =Il¢,xo, it follows that

d(xy, X0) < P, Xp). By the weakly lower semicontinuity of the norm,

d(X, x0) < liminfe(x,, xo) < limsup ¢(x,, xp) < P(@, Xo).

Taking into account the uniqueness of Ilgz)xy, we get X = w. Therefore {x,}
converges strongly to ITgz)Xo. This completes the proof. |

If B,=1 for all ne Z, in Theorem 3.1, the following result holds:

CoroLLARY 3.1 Let C be a nonempty closed convex subset of a uniformly convex and
uniformly smooth Banach space E, T: C — C be a closed and firmly nonexpansive-type
mapping. Let {x,} be a sequence defined as follows:

Xo € E chosen arbitrarily,

Yn = J_l(Oan(xo) + (1 —an)J(Tx,)),

Cy ={z€ C: (z = xu,J(x0) — J(x,)) = O},

0, =1{zeC: ¢, yn) < and(z, x0) + (1 — a)(z, x,)},

Xntl = HCNOQ”-XOa ne Z+)

where {a,} C[0, 1] satisfies lim,,_, .o0t,, = 0. Then {x,} converges strongly to Il p)Xo.

4. Strong convergence theorem for firmly nonexpansive-type mapping and
equilibrium problem

In this section, we shall explore an iterative sequence’s strong convergence to a
common element of the set of fixed point of firmly nonexpansive-type mapping and
the set of solutions for an equilibrium problem (1.1) in a Banach space under some
suitable conditions.
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THEOREM 4.1 Let C be a nonempty closed convex subset of a uniformly convex and
uniformly smooth Banach space E. Let f. C x C— R satisfy Assumption 2.1 and let
T: C—C be a closed and firmly nonexpansive-type mapping such that
EP(f)NKT)#@. Let {x,} be a sequence defined as follows:

xo € C chosen arbitrarily,

2o = I (Bl (xn) + (1 = B)I(TX)),

Y = I (x0) + (1 = @) (),

up € T, yu ={2€C: f(z,9) +1- (v = 2,J(2) = J(y)) = 0 Vy e C},
Ch ={z€C: (z = xp, J(x0) — J(xn)) <0},

On ={z€C: @z, un) < and(z, x0) + (1 — an)@(z, xp)},

Xpp1 = Il¢c,no, X0, nEZ,,

where {a,}, {B,} Cl0,1] satisfy lim,_ ,=0, liminf,_, . B,(1 —B,) >a for some
a> 0 and {r,} C(0,00) satisfies liminf,_, .. r, > 0 . Then {x,} converges strongly to
Hrryn EP(ryYo-

Proof By Lemma 2.6 and Proposition 2.2, we see that F(T')N EP(f) is closed and
convex. Hence Ilgp7ynepcr) is well-defined. We now show that C, and Q, are
nonempty closed and convex. Clearly, C, is closed and convex and Q, is closed.
As in the proof of Theorem 3.1, we have Q, is convex. Therefore, C,NQ, is
closed and convex. Next, let us show that FHT)NEP(f)cC,NQ, VneZ,.
Let we F(T)N EP(f). Since

qb(a), Zn) = ¢(a), Jil(,BnJ(xn) + (1 - ,Bn)J(Txn)))
< Budp(w, x,) + (1 = Bu)P(w, Tx,) < P(w, xp),
and
¢(a)a yn) = ¢(a)a Jﬁl(an‘](x()) + (1 - an)J(Zn)))

< ayP(w, x0) + (I — ap)P(w, z,)
= an¢(wa Xo) + (1 - a;1)¢(w: Xn),

and so, by Lemma 2.7 and Proposition 2.1,
d(w, uy) = P(w, Ty, yn) < Y@, yu) < dud(w, Xo) + (1 — ap)d(w, X,).

Thus we Q,, Vne Z,. We show by induction that F(T)NEP(f)C C,Vne Z,. From
Co=C,we get F(T)NEP(f)C Cy. Suppose that F(T)NEP(f)C Cy forsome ke Z,.
From x;41 = Il¢,np, X0 and Lemma 2.2, it follows that

(0 = Xg41,J(x0) = J(xk11)) <0 Yoe K(T)N EP(f) C Cy,
which implies that F(T)N EP(f) C Cry1. As a consequence,
KT)NEP(f)cC, VneZ,.

Therefore, C,NQ, is nonempty closed and convex. This means that {x,} is well-
defined, and so

FT)NEP(f)C C,NQ, VneZ,.
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By the definition of C,, x,, = I1¢,xo. From Lemma 2.3, it follows that
#(xXn, X0) < P@, X0) — P(w, x,) < P(w, Xp).

Hence {¢(x,, xo)} is bounded, and {7x,}, {x,}, {z.}, {y.} and {u,} are also bounded.
Let r=sup,cz {Ixull, ITx,[l}. By Lemma 2.4, there is a continuous, strictly
increasing and convex function g: [0, 2r] = R such that g(0) =0 and

18I () + (1 = B)I(Txn)II?
< Bl TGP + (1 = BIIITx)IP = Ba(l — B) g1 (x) — J(Tx)1))
= Bullxall® + (1 = B Txall> = Bu(1 — Ba) g(1J(xn) — J(Tx,)).
Since x,41 = I¢,np,x0 € C, N Q,, We have
B(Xni1s tn) < u(Xus1, X0) + (1 — €)P(Xoi1, X), (4.1)

and @(x,, xo) < d(x,41,X0) Yne Z,. Thus, {¢(x,, xo)} is nondecreasing. Again from
the boundness of ¢(x,, xq), it follows that lim,_, ., ¢(x,, xo) exists. Similar to the
proof of Theorem 3.1, we have lim,_, ..¢(x, 1 x,)=0, and {x,} is a Cauchy
sequence in C. Let lim,_, x, = x. Then, by lim,,_, .o, =0 and (4.1), we obtain

0 = lim ¢(xn+17 un) = llm aﬂ¢(xﬂ+ls X()) + hm (1 - aﬂ)¢(xﬂ+1’ xl’l) = Oa
n—o00 n—00 n—00

ie., lim,_, oo¢(x,41, u,) =0. From Lemma 2.1, it follows that

lim X1 — X0l = lim 1Xpt1 — tnll = 0.
n—00 n—00

Therefore, from ”xn - un” = ”xn+1 - xn” + ”xn - un”a one has

lim ||x, — u,|| = 0.
n—0o0

By the uniformly norm-to-norm continuity of J on bounded subset of E,

lim ”J(xn) = J(u,)|| = 0.

Since
P, 2,) = [0l = 2w, Jz) + ||z
= ”‘UHZ - 2(‘0’ /311J(xn) + (1 - IBH)J(Txn)) + ”,BnJ(xn) + (1 - /311)J(Txn)”2
< [lol® = 284w, J(xn)) — 2(1 = Bu) (@, J(Tx)) + BullJ(xn)II?
+ (1= B Txall* = Bu(1 = B) g(I1J(x) — J(Txn)II)
= ¢(w’ X,,) - ,Bn(l - /311) g(”J(xn) - J(Txn)”)s
we obtain
H(w, yn) < apP(w, x0) + (1 — ay)P(w, z,)
< a,p(w, X0) + Pp(w, x,) — Bu(1 = B,) g(I () — J(Tx,)])).
Then, by Lemma 2.6 and Proposition 2.1, we have
P, u,) = p(w, Tr,lyn) < ¢(w,yn)
< app(w, X0) + P(w, x,) — Bu(1 — Bu) g J(xn) — J(Tx,)|)
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and S0, (]5((1), yﬂ) =< O‘n¢(wa Xo) + (l - a,7)¢(a), xn)' From hm infn%oo IBn(l - .Bn) >da,
it yields that
ag(”J(xn) - J(Txn)”) =< ,Bn(l - ﬂn)g(”J(xn) - J(Txn)”)

< oc,,d)(a), XO) + (]5(0), xﬂ) - ¢(wa un)

= (@, x0) + X0l = llun* = 2(, J(xn) — J(u))

< apP(@, x0) + [1X0 — tpll([Xn ]l + [l2an ) + 2Nl (x) — J(un)|l-
Therefore

Jim g([lJ(x) = J(Tx)) = 0,
and consequently,
lim ||J(x,) — J(Tx,)|| = 0.

Since J*=J~' is uniformly norm-to-norm continuous on bounded subsets of E*,
one has

0= lim [[J(x,) = J(Txp)| = lim lx, — Tx,]|.
n—00 n—00

Since T is closed, this together with lim, ., x, = X implies that 7x = x. Then
X € F(T). Let us now show x € EP(f). By Proposition 2.1 and Lemma 2.6, we obtain

&tn, yn) = STy, Yy )
< ¢, yn) — $@, T}, yn)
< apd(@, x0) + (1 — )P, Xn) — e, uy)
= an(P(@, x0) — P(w, xp)) + (@, Xn) — P, uy).

Moreover, we can derive that
Tim @(us, 1) = 1im [, %0) = 9@, X)) + G, %) = (e, 1)
= lim ¢(w, x,) — P(@, uy)

Jim [l = [ Cllall + llunll) + 2ll0ll170x) = Sl = 0,

IA

ie. lim,,_, oo (14, v,,) = 0. It follows that lim,_ |u,—y,=0 and
lim,,_, || /(1,) — J(¥,)|l =0. From both x, — X and lim,_, ||x,, — u,]| =0, it follows
that u, — x and y,, — Xx. In view of liminf,_,  r, > 0, one has

lim 1/(1t) — J(yu)l _

n—00 'y

0.
Taking into account the monotonicity of f and

1
f(unay) +7(y — U, J(uy) = J(yp)) =0 VyeC,
one has

1
- V= tn, J(uy) — J(¥)) = —f(n, y) = f(y,u,) VyeC.

n
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Since f satisfies Assumption 2.1,
S(y,X) = lim f(y,un)
n—o0

1
=< ’_ (y — Uy, J(M,,) - J(yn)>
”J(un) - J(yn)” —

'y

< lim ||y —ull - 0,
k—o0

ie. f(y,x) <0 for all y e C. Picking y € C arbitrarily. Since xe C,ty+ (1 —)xeC
for all 1€ (0, 1]. Therefore f(ty + (1 — £)x, x) <0, and
0=f(ty+(A—=0x,ty+ (1 —1)x)
=f(y+A-0x,n+1A-0fty+1—-0%X)
=if(ty+ (1 —-0x,y).

Moreover, one has

f(ty+(1=0x,y)>0.

Thus, from Assumption 2.1,

0 <limsupf(zy + (1 — 0)x,y) < f(x,),

t—0+

ie. f(x,y) > 0 for all y e C. This means x € EP(f), and so, x € F(T) N EP(f).

Let v = HF(T)mEp(f>x0. From both we (T)NEP(f)C C, and x, = ¢, xo, it
follows that ¢(x,, xo) < ¢(@, x). By the weakly lower semicontinuity of the norm,
P(x, x0) < lim inf @(x,, X) < lim sup @(x,, Xo) < P(@, xo).

n—oQ

n—o0

By the uniqueness of Iz )gp(s) Xo, one concludes X = @. Therefore {x,} converges
strongly to ITx7ynep(s) Xo. This completes the proof. |

If «,=0 in Theorem 4.1, we can get the similar result to Theorem 3.1 of [22]:

TueoreM 4.2 Let C be a nonempty closed convex subset of a uniformly convex and
uniformly smooth Banach space E. Let f. C x C— R satisfy Assumption 2.1 and let
T: C—C be a closed and firmly nonexpansive-type mapping such that
EP(f)NKT)#@. Let {x,} be a sequence defined as follows:

xo € C chosen arbitrarily,
Yn = ]71(/3}1]()6”) +(1- .Bn)J(Txn))a

Uy € T,y = {ze C /D)y =202 — J(3) 2 0 Ve c},

n

Ch ={z€C: (z = xp, J(x0) — J(xn)) < 0},
Qn - {ZG C: d)(Z, un) = ¢)(Z, xﬂ)}a

Xnt1 = I¢no, X0, nEZy,

where {B,} C[0, 1] satisfies liminf,_, . B,(1 — B,) > a for some a > 0 and {r,} C (0, 00)
satisfies liminf,,_, .o r,, > 0 . Then {x,} converges strongly to Il gryngp(s) Xo-
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If E is a Hilbert space, f(y,, ) =0 for all ye C, ne€ Z in Theorem 4.2, then we get
the modified result [17]:

CoROLLARY 4.1 [17] Let C be a nonempty closed convex subset of a Hilbert space E
and T: C— C be a nonexpansive mapping such that F(T)#@. Let {x,} be a sequence
defined as follows:

xp€C,

Yn = BuxXn + (1 = Bu) Txp,

On ={ze€C: (x, —z,x0 — x,) = 0},
Co={zeC:llyp—zll = lx, —zl},
Xn+1 = Pc,np, X0, neZy,

where {B,} C[0,1] satisfies liminf,_ B, (1 —8,)>a for some a> 0. Then {x,}
converges strongly to Ppryxo, where Ppry is th metric projection of E onto F(T).

5. Concluding remarks

This article introduces several iterative sequences {x,}, and prove the strong
convergence of the iterative sequences to a fixed point of firmly nonexpansive-type
mapping and a common element of the set of fixed points of firmly nonexpansive-
type mapping and the set of solutions of equilibrium problem, respectively. These
obtained results extend and modify corresponding results of Nakajo and Takahashi
[17] and Takahashi and Zembayashi [22], and the conditions of our results are
different from that of corresponding results of Ceng et al. [4]. As a further research,
by applying the obtained results, one can study the problem of finding a minimizer of
a convex function on E and a solution of variational inequality (inclusion) problems.
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