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ABSTRACT. The notions of a-well-posedness and generalized a-well-posedness
for a system of constrained variational inequalities involving set-valued map-
pings (for short, (SCVI)) are introduced in Hilbert spaces. Existence theorems
of solutions for (SCVI) are established by using penalty techniques. Met-
ric characterizations of a-well-posedness and generalized a-well-posedness, in
terms of the approximate solutions sets, are presented. Finally, the equiva-
lences between (generalized) a-well-posedness for (SCVI) and existence and
uniqueness of its solutions are also derived under quite mild assumptions.

1. Introduction. Variational inequalities which introduced by Stampacchia [28] in
1964, are among the most interesting and intensively studied classes of mathemat-
ics problems and have wide applications in the fields of optimization and control,
economics, electrical networks, game theory, engineering science and transportation
equilibria etc. For the past decades, many existence results and iterative algorithms
for variational inequality, equilibrium and variational inclusion problems have been
studied (see, e.g., [4, 6, 14, 31, 32] and the references therein). Recently, some new
and interesting problems, which are called to be system of variational inequality
problems, were introduced and investigated. The motivations originate from the
fact that under suitable conditions, a Nash equilibrium problem is equivalent to
a system of variational inequalities (see, e.g., [13, 14] and the references therein).
System of variational inequality problems have been well studied and developed in
various aspects. For details, readers are referred to Chen and Wan[5], Cho, Fang,
Huang et al. [6], Kim and Kim [14], Mainge [22], Noor and Noor [24] and the
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references therein. In [23], Moudafi and Noor applied the penalty method to prove
the existence of solutions for a class of generalized variational inequalities with vari-
ational constraints which contained many hierarchical optimization problems such
as variational inequalities with equilibrium constraints, variational inequalities with
fixed-point problem constraints and variational inequalities with minimization prob-
lem constraints as special cases.

On the other hand, well-posedness plays an important role in the stability analysis
and numerical methods for equations and optimization theory and applications. It
was first introduced by Tykhonov [30] for a minimization problem (for short, (MP)),
which has been known as Tykhonov well-posedness. The Tykhonov well-posedness
of (MP) implies the existence and uniqueness of solutions of (MP). In many practi-
cal situations, the solutions of (MP) are more than one. In this situation, the notion
of Tykhonov well-posedness in the generalized sense was introduced, which implies
the existence of solutions of (MP). Since then, many authors investigated the well-
posedness for optimization problems (see, e.g., [7, 8, 19] and the references therein).
In 1981, Lucchetti and Patrone [21] introduced the first notion of well-posedness for
variational inequalities, which is a generalization of the Tykhonov well-posedness
of (MP). Lignola and Morgan [17] also introduced another notion of well-posedness
for variational inequalities, which is distinct from that in Lucchetti and Patrone
[21]. For the past decades, well-posedness and well-posedness in the generalized
sense for variational inequalities and equilibrium problems have been studied (see,
e.g., [3, 9, 10, 12, 16, 26] and the references therein). Lignola and Morgan [18]
introduced a-well-posedness for variational inequalities and Nash equilibrium, fur-
ther, they also discussed the a-well-posedness for parametric noncooperative games
and for optimization problems with constraints defined by parametric Nash equi-
libria, gave some classes of functions that ensure these types of well-posedness in
[19]. Peng and Tang [27] studied the a-well-posedness, L — a-well-posedness, -
well-posedness in the generalized sense and L — a-well-posedness in the generalized
sense for mixed quasi-variational-like inequality problems, and presented some met-
ric characterizations for these well-posedness. In 2010, Hu et al. [11] investigated
the well-posedness and generalized well-posedness for a system of equilibrium prob-
lems, obtained some metric characterizations for these well-posedness. They also
proved that the well-posedness of system of equilibrium problems is equivalent to
the existence and uniqueness of its solution. Peng and Wu [26] also explored the
generalized Tykhonov well-posedness for system of vector quasi-equilibrium prob-
lems, and gave some metric characterizations for these well-posedness in locally
convex Hausdorff topological vector spaces.

It is natural to raise a question: Whether the existence of solutions and well-
posedness can be applied to a class of system of variational inequalities involving
set-valued mappings related to hierarchical optimization problems or not ?

Inspired and motivated by the works mentioned above, the purpose of this pa-
per is to introduce and investigate a system of constrained variational inequalities
involving set-valued mappings (for short, (SCVI)) in Hilbert spaces. Firstly, exis-
tence theorems of solutions for (SCVI) are established by using penalty techniques.
Moreover, we also introduce the notions of a-well-posedness and generalized a-well-
posedness for (SCVI) in Hilbert spaces. Some metric characterizations of a-well-
posedness and generalized a-well-posedness, in terms of the approximate solutions
sets, are presented. Finally, the equivalences between (generalized) a-well-posedness
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for (SCVI) and existence and uniqueness of its solutions are also derived under quite
mild assumptions.

This paper is organized as follows. In Section 2, we introduce the problem
(SCVI), recall some basic definitions and lemmas. In Section 3, by employing the
penalty method, we investigate the existence of solutions for (SCVI) under some
suitable conditions. In Section 4, we present and study the definition of a-well-
posedness for (SCVI) by using an associated auxiliary problem, and then discuss
some characterizations of the a-well-posedness and generalized a-well-posedness for
(SCVI).

2. Preliminaries. Throughout this paper, without other specifications, let R be
the set of real numbers, E be a Hilbert space, denote its scalar product by (-, ) and
its norm by | - ||. For any (z,y), (2/,y') € E x E, we define that ||(z,y) — (¢/,¢')| =
lz —2'|| + |ly — v'||. Let T1,T2 : Ex E — 2F and M : E — 2F be set-valued
mappings, where 27 stands for the family of all nonempty subsets of E, denote the
graph of M by G(M) = {(x,u) € Ex E : u € M(x)}. Recall that a mapping
T : E — FE is called nonexpansive if | Tz — Ty|| < |Jz — y|| for all z,y € E. Let
v1,v2 € E and M be a maximal monotone operator. Set K = {v € E:0 € M(v)}.
We consider the following system of constrained variational inequalities problem
involving set-valued mappings (for short, (SCVI)) is to find (z*,y*) € K x K such
that there exist ¢ (y*, z*) € Ty (y*, ), t2(a*, y*) € To(z*, y*),
(p1t1(y*,z*) — v,z —a*) >0, VreK, (1)
(pata(z™,y*) —v2,y —y*) >0, VyeK,

where p1, p2 are two positive constants.

We denote the set of solutions to (SCVI) by S.

Observe that (SCVI) can be equivalently posed as the following variational in-
clusion problem of finding (z*,y*) € K x K such that

0€pTi(y*, o) + Ni(2*) — vi,
0 € poTa(z",y*) + Nk (y*) — v2,

where Nk (z) is the normal cone to the set K at = € K, i.e.,

Ni(r) ={{ € E:({,y—x) <0,Vy € K}.

Special cases:

(I) If the set-valued mappings 77 and T5 are the same as the set-valued mapping
T:E—2E p) =py=1and v; = vy = v, then the problem (SCVI) is equivalent
to find #* € M ~1(0) such that there exists t(z*) € T(x*),

{t(z*) —v,x —2*) >0, VYaxe M 0), (2)
which is so-called variational inequalities with variational problem constraints (for
short, (VIVPC)). (VIVPC) contain many hierarchical optimization problems (see,
e.g., [23]).

(i) If M := M, where g : ExE — R is a monotone function, M, is the associated
m-monotone operator, that is, w € My(z) & g(z,y) + (w,x —y) >0, for all w € E,
then (VIVPC) is equivalent to find z* € EP such that there exists t(z*) € T'(z*),

(t(z*) —v,x —2*) >0, VzeEP, (3)

where EP = M;'(0) = {z € E: g(Z,y) >0, Vy € E}, which is called variational
inequalities with equilibrium constraints.
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(i) If M :=I—F, where F : E — F is a nonexpansive mapping, it is well known
that M is m-monotone, then (VIVPC) is equivalent to find 2* € Fix(F') such that
there exists t(z*) € T'(z*),

(t(z*) —v,x —2") >0, Ve Fix(F), (4)
where Fix(F) = M~1(0) = {z € E : F(z) = z}, which is called variational inequal-
ities with fixed point problem constraints.

(ii) If ¢ : E — RU{+o0} is a proper convex lower semicontinuous function, it is

well known that M := 0¢ is m-monotone, where d¢ is the subdifferential of ¢, then
(VIVPC) is equivalent to find z* € Argmin(¢) such that there exists t(z*) € T'(z*),

(t(z*) —v,x —2*) >0, Vz € Argmin(¢), (5)
which is called variational inequalities with minimization problem constraints.
(IT) If Ty, T5 are two single-valued mapping, and T3 (y,x) = T (z,y), then the
problem (SCVI) is equivalent to find (z*,y*) € K x K such that
<p1T1/($*,y*)—’U1,Z‘—$*> 205 v'736[(7 (6)
<P2T2(l’*,y*)*v2,’y*y*> 207 VyeKa

where p1, p2 are two positive constants, which is studied by Moudafi and Noor [23]
and Tang and Liu [29].

We first recall some definitions and lemmas which are needed in the main results
of this work.

Definition 2.1. Let M : E — 2 be a set-valued mapping. M is said to be
(1) monotone if, for any z,y € E,u € M(z) and v € M(y),

(u—wv,z—y)>0.

(ii)ym-monotone(mazximal-monotone) if M is monotone and its graph G(M) =
{(z,¢) : ¢ € M(z)} is not properly contained in the graph of any other monotone.

Remark 1. (i) If M is m-monotone, then the set M~1(0) = {z € E: 0 € M(z)}
is nonempty closed and convex;

(ii) M is m-monotone if and only if M is monotone and (I +oM)(FE) = E holds
for every o > 0, where I is the identity operator on E.

Definition 2.2. [14] Let Ki, K> be nonempty subsets of E. The Hausdorff
pesudo-metric H(-,-) between K; and K is defined by

H(Kl,KQ) = max{e(K17K2),e(K27K1)},
where (K1, Ka) = supy, ¢, d(k1, K2) with d(ki, K2) = infy, ek, [[k1 — k||

It is worth mentioning that if the domain of the Hausdorff pesudo-metric H(,-)
is confined to closed bounded subsets of E, then H(-,-) is the Hausdorff metric.
Now we give some characterizations on the Hausdorff pesudo-metric H(,-).

Lemma 2.3. Let Ki,Ks and K3 be nonempty subsets of E, T : E — FE be a
nonezpansive mapping. Then the following hold:

(Z) H(Kl,Kl) = 07

(i) H(K;,K3) = H(K3, K1);

(iii) H(TK,,TK>) < H(K;, Ks);

(ZU) H(Kl,Kg) S H(Kl,Kg) + H(Kg,Kg,);

(’U) H(’I”Kh’l"Kg): |’I”|I‘I([(1,[(3)7 Vr € R.
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Proof. (i) and (ii) directly follow from Definition 2.2. We only need to prove (iii),

(iv) and (v).

(iii) Since T : E — F is a nonexpansive mapping, one has

e(TK,,TKs) = sup inf ||Tky, Tksl
k€K ko€Ko

< sup inf |k1 — kel = e(K7, Ka).
ki1€K, ko€ Ko

Similarly, we obtain
6(TK27TK1) S e(Kg, Kl)
By Definition 2.2, and from (7) and (8), we have

H(TK,,TK;) = max{e(TK,TK,),e(TKy,TK)}
S max{e(Kl,Kg),e(Kg,Kl)}:H(Kl,Kg),

that iS, H(TKl,TKQ) S H(Kl,KQ)
(iv) Note that

e(Kl,Kg)

su inf ||k1 —k
kleglkg%lll 3l

su inf inf (||k1 — kol + ||ko — Kk
klelglkgEKsszIQ(”l of| + k2 — ksl|)

= LS Wl ekl
= e(K1, Ks) + e(Ka, K3).
Similarly, we can get
e(Ks3, K1) < e(Ks, K3) + e(Ka, K7).
Again from Definition 2.2, we conclude that
H(K,,K3) < H(Ky, Ks) + H(Ks, K3).
(v) For any r € R, one has
e(rkKq,rKs) = |r| kfggl k;g}”{g k1 — ks|| = |r|e(K7, K3).

This follows that H(rKq,rK3) = |r|H (K1, K3).

Definition 2.4. Let T': E x E — 2F be a set-valued mapping. T is called:

(i) (¢,7)-Lipschitzian if there exist ¢ > 0 and v > 0 such that

H(T(z1,11),T(z2,y2)) < tfler — 2ol +yllyr —w2ll, V(i 91), (x2,42) € E X E;

(ii) B-strongly monotone with respect to the second argument if, there exists § > 0

such that, for each x € F,

n(z,y1) —n(@,y2),y1 — y2) > Bllyr — val>s Vi € Eyn(z,y) € D(w,y,),i = 1,2;

(ili) coercive with respect to the second argument if, there exists a continuous
increasing function C : Rt — RT with lim;_, . C(t) = 400 such that for each

r ek,

m(z,y),y) = C(lylDllyll, Yy € E,n(z,y) € T'(z,y).
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Definition 2.5. [15] Let K be a nonempty and bounded subset of E. The Kura-
towski measure of noncompactness p of the set K is defined by

p(K) =inf{e >0: K C U, K;,diamK; <e€,i=1,2,--- ,n},
where diam stands for the diameter of a set.

Definition 2.6. [5, 6] Let the set-valued mapping M : E — 2F be m-monotone.
For any positive number § > 0, the mapping R} : E — E defined by

RM(z) = (I +6M) Y(z),z € E,

is called the resolvent operator associated with M and §, where I is the identity
operator on F.

Remark 2. It is well known that the resolvent operator Ré” : E — FE is single-
valued and nonexpansive for all § > 0, and related to its Yosida approximate, i.e.,

Mj(z) == 2=E8@) with My(x) € M(RM (z)).

Definition 2.7. [1, 23] Let M,,, M : E — 2¥ be m-monotone mappings for n € N.
A sequence of set-valued mappings {M,} is said to be graph-convergent to the
set-valued mapping M if, for any (z,v) € G(M), there exists (vp,v,) € G(M,)
such that (x,,v,) converges strongly to (z,v).

Remark 3. (i) Let {t,} be a sequence of positive real numbers, and M be m-
monotone. If ¢, — +o0, then ¢, M graph-converges to Ny-1(g) (see, e.g., [20]);
(i) Let M, M,,, M, M, be m-monotone mappings for n € N such that_M,Mn

are Lipschitzian with constant £ > 0 (independent of n), that is, H(M (z), M (y)) <
kl|lz —y|l and H(M,(x), My (y)) < k|lz —yl| for all z,y € E. If M,, graph-converges
to M and M, graph-converges to M, then M, + M, graph-converges to M + M

(see, e.g., [2]).

3. Existence of solutions for (SCVI). In this section, we shall investigate the
existence of solutions for (SCVI) under some suitable conditions. We firstly consider
the following auxiliary variational inclusions problem (for short, (AVI)) related to
(SCVI): find (z¢,ys5) € E x E such that

v1 € p1Ti(ys, ) + L P(xe), 9)
V2 € p2T2('I67y5) + SP(yts)v

where p1, p2, €, are positive real numbers, v1,vy € E and P := M; = [ — RM which
will act as a penalty operator of the set of zeroes to M. For example, if M = Ny
the normal cone to a closed convex set A, then P := I — P, is the classical penalty
operator of A (see, e.g., [25]), where P, is the metric projection operator from E
onto the closed convex set A.

It is clear that the Yosida approvimate P := M; = I — RM is m-monotone.
Moreover, we can reformulate (AVI) as the following equivalent form:
Te € R?l(xe‘i’vl *plTl(yéaze))v (10)
Ys € R(I;_l(yg + vy — P2T2(1'eay5))'

Using the equivalent form of (AVI), we suggest the following iterative method
for solving (AVI).
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Algorithm 1. Let E be a real Hilbert space, p1,p2,€,0 > 0, and let Ty, Ts : E X
E — 2F be two set-valued mappings, M : E — 2F be m-monotone and its Yosida
approxvimate P = I — R}, For any given points xo,yo € E, define sequences {,}
and {y,} in E by the following algorithm

Yn+1 € R(I;Ll(yn + V2 — pQTQ(‘TTla yn))a (11)
Tnil € Ril('xn—’—vl _plTl(yn;xn))7 7’?/20,1,2,....

Remark 4. Algorithm 1 is an explicit iterative method, which is distinct from the
implicit iterative algorithm(3.7) of Moudafi and Noor [23].

Next we show the existence of solutions to (AVI) by Algorithm 1.

Theorem 3.1. Let E be a real Hilbert space, pi1,ps be two positive constants,
M : E — 2F be m-monotone, and let T, : E x E — 2 be (1;,7;)-Lipschitzian
and B;-strongly monotone with respect to the second argument, i = 1,2 such that
max{pit1++/1 — 2p2Bs + p273, pata++/1— 2p1 31 + p373} < 1. Then for any given
€ > 0,0 >0, there exists (z¢,ys) which is a solution of the problem (AVI).

Proof. For any given xg,yo € E, the sequences {x,} and {y,} generated by Algo-
rithm 1. Then, from Lemma 2.3,

[Znt1 — @nll

H(RE (20 + v1 — p1T1(Yn, @) RE (-1 + 01 — p1 11 (Yn—1, Tp—1)))
H(zn = p1T1(yn; Tn), 2n—1 = prT1(Yn—1, Tn-1))

H(zn — p1T1(Yns Tn), T — p1T1(Yn—1,7n))

+H(2n — p1T1(Yn—1,2n), Tn—1 — p111(Yn—1, Tn—1))

prH (T (Yn, 1), T1 (Yn—1, n))

+H(zn = p1T1(Yn—1,%n), Zn-1 = p1T1(Yn—1,Tn-1)).

Since T; : Ex E — 2% is (14, 7;)-Lipschitzian and 3;-strongly monotone with respect
to the second argument, ¢ = 1,2, we have

IN A IA

e(@n — P11 (Yn—1,%n); Tn-1 — P1T1 (Yn—1,Tn—1))

= sup inf |xn — Tpn_1
t1 (yn71 ,wn)eTl (yn71 ,wn) t,1 (ynfl 7fEn71)ET1 (ynfl ,17,,71)

—pP1 (tl(yn—la xn) - tll (yn—la xn—l)) H

and
[2n — 2n—1— p1(t1(Yn—1,2n) — tll(yn—lvxn—l))”2
= |lzn - zn—luz = 2p1(t1(Yn—1,Tn) — t/l(yn—lvxn—l)axn — Tn-1)
—|—p%”t1(yn,1, Ty) — tll(ynfla xnfl)Hz
< (1=20181 + pivD)llen — z |
Consequently,

e(xn — P11 (Yn—1,2n), Tn-1 — 111 (Yn—1, Tn—-1))
< \/1 = 2p1B1 + piillen — 2ol

Similarly, we have

€($n71 - PlTl(ynfla $n71)7 Tn — p111 (ynfla ifn))
< V1201 + 03l — Taca -
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From Definition 2.2 and the above two inequalities, it follows that
H(xn - P1T1 (ynflv xn)v Tn—1 — P1T1 (ynfla xnfl))
< \/1 —2p181 + pPrillen — Tp—1 -

Thus, we get

Znt1 — znll < preallyn — Yn-1ll + \/1 —2p181 + P%V%”wn — ZTn—1]|- (12)

Similarly, one can conclude

[Ynt1 = ynll < pataflzn — zpall + \/1 —2p2f2 + P33 llyn — yn—1l- (13)

In view of max{pi1 + \/1—2p2B2 + p27Z, pata + /1 —2p181 + p373} < 1. Set

T = max{pit1 + /1 — 2paB2 + p373, pata + /1 —2p1B1 + p37?}. Then 0 < T < 1.
From both (12) and (13), it follows that

||(1'n+17yn+1) - (:Ena yn)”
||$n+1 - an + Hyn-i-l - ynH

< (pmn+ \/1 =222 + p333) [Yyn — yn |
(pata + /1= 20181 + D)l — 2 |
< TH(-Tmyn) - (xn,l,yn,l)”’

which implies that the sequences {z,} and {y,} are Cauchy sequences. Therefore,
there exists (z¢,ys) € E X E such that (,,yn) = (2, ys). By Remark 2 and (11),
one has

Ys € Rf,l(m +v2 — paT(ze, ¥s)),
ze € R (ze +v1 — ;1 Th(ys, xe)),

that is,
{ v1 € piTi(ys, xe) + £ P(xe),
vy € paTo(xc, ys) + 5 P(ys)-
Therefore, (z.,ys) is a solution of (AVT). O

Theorem 3.2. Let E be a real Hilbert space, M : E — 2F be m-monotone with
0€ M~Y0), Ty, Ty : E x E — 2F be coercive and m-monotone with respect to the
second argument. Assume that all the conditions of Theorem 3.1 are satisfied. Then
(SCVI) has a solution.

Proof. By the method of Moudafi and Noor [23]. For any given vi,vs € FE and
€,0 > 0, from Theorem 3.1, we know that (AVI) has a solution (z.,ys), that is,
there exist t1(ys, ze) € T1(ys, ), ta(xe, ys) € T1(xe,ys) such that

{ v1 = prta(ys, we) + £ P(ze), (14)
vy = pato(xe, ys) + 5P (ys)-

Moreover, we have

tim || P(z.)]| = lim || P(ys)]| = 0, (15)
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Since T1,T5 : E x E — 2F are coercive with respect to the second argument, we
obtain

(3 = {prtalys, 7)) + P, o)
> Ol + < (PGee) = P(0), 2~ 0)
> piC(ed) ]
and
(25) = (oot s),us) + (P (), )
> p2C(lwslllsll + 5 (Plus) ~ P(0), 5 ~ 0
> p2Cllual) sl

which imply that {z.} and {ys} are bounded. Again from (15), we may pick up
Ty = Te,,Yn = Y5, such that z, and y, converge weakly to z* and y* as €, —
0,4, — 0, respectively.

Now, we show that Tj(yn,) graph-converges to T;(y*,-). Taking any (z,7) €
G(Ti(y*,-)) and (Tpn,Tn) € G(T1(yn,-)) such that &, — = (we may take Z,, = x, if
necessary). Since Ty is (1,71 )-Lipschitzian,

7 = 7ll < H(Ty (yn, &), Ta(y", @) < t1llyn — 7| + 71l &0 — |- (16)
It follows from (14) that there exists t2(zp, yn) € To(zn, yn) such that
1
U2 — ?P(yn) = p2t2(xn7yn)' (17)

Since T5 is fBa-strongly monotone with respect to the second argument, for any
to(xn, y*) € To(zn,y*), we have

* * 1 *
p2Bally* = ynll® < (pata(an,y ) = (V2 = = Pyn),y" = yn)

n

* * 1 *
= (pata(xn,y™) —v2,y —yn>+5*<P(yn),y — Yn)-

In view of (15), we obtain [|y* — y,| — 0. Together with (16) it follows that
|l — 7|l — 0O, that is, 7,, converges strongly to 7. Therefore, T} (yy,,:) graph-
converges to Ty (y*, ). Similarly, T(z,, ) graph-converges to T(z*,-). Note that
0="P)=(I-R")(2) & z=R(x)=(I+M) " (z)
& xe M Y0).
From Remark 3, this yields that p1T1(yn,) + 6—1nP and poTo(xy, ) + %"P graph-

converge to p1T1(y*, ) + Nar-1(0y and paTo(x*,-) + Nps-1(0y, respectively. Note
that

v € PlTl(ynvxn) + %P(l’n%
vy € p215(2n, Yn) + 5-P(Yn)-

Taking the limit in (18), one can obtain
{ 0EplTl(y*vx*)+NM*1(0)(‘r*)7’U1ﬂ (19)
0 € poT2(x*,y*) + Nar-1(0)(y") — va.
Therefore, (z*,y*) is a solution of (SCVI). O

(18)
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Remark 5. If T}, T are two single-valued mapping, and T (y, z) = T} (z,y), then
Theorem 3.1 and Theorem 3.2 are reduced to Proposition 3.1 and Theorem 3.1 in
[23], respectively.

4. Characterizations of a-well-posedness for (SCVI). In this section, we
shall present some characterizations of the a-well-posedness and generalized a-
well-posedness for (SCVI) by employing an associated auxiliary problem. Let
M : E — 2F be m-monotone, K = {vr € E : 0 € M(v)} and a > 0. We first-
ly introduce the following system of constrained variational inequalities problem
(for short, (SCVI,)) related to (SCVI): find (z*,y*) € K x K such that there exist
ti(y",z) € Ti(y™, x*), ta(2”, y*) € To (2", y"),
{ (piti(y*, 2*) —vi, e —2*) + §lle —2*|* > 0, Vz €K,
(pata(a®,y*) — v,y —y") + §lly —y*lI° 20, Wy €K,

where p1, p2 are two positive constants.

(20)

We denote the set of solutions to (SCVI, ) by S,. We now establish the relations
between (SCVI) and (SCVI,).

Lemma 4.1. Let E be a real Hilbert space, T1,Ts : E x E — 2F be two set-valued
mappings. Then (z*,y*) € S if and only if (z*,y*) € S,.

Proof. The necessity holds trivially. For the sufficiency, assume that (z*,y*) €
Taking any z,y € K, A € (0,1), set xx = Az + (1 — \)z*,yxr = Ay + (1 — \)y*. Note
that K = {v € E: 0 € M(v)} is closed and convex. So, (zx,y») € K x K. By (20),

we have

{ <p1t1(y*u$*) — U1, Tx — l'*> + %”x)\ - $*||2 2 0’
(pata (2, y*) —va,yn —y*) + Sllyr — y* [ >0,

that is,
(prta(y*, %) — vr, @ — %) + Bz — 2*||> > 0,
aA * |2 (21)
(pata (™, y") — v,y — y*) + S [ly —y*[|* > 0.
Let A — 0 in (21). Then
<P1t1 7 — U1, T — (E*> > 07 Vo € K7 (22)
<p2t2 Yy —v27y y*) >0, VyekK.
Therefore, (z*, O

Next, we introduce the notions of (generalized) a-well-posedness for (SCVI).

Definition 4.2. (i) A sequence {(z,,yn)} in K x K is called a-approzimating
sequence for (SCVI) if, there exist t1(Yn, zn) € T1(Yn, ZTn)st2(Tn,Yn) € To(Tn, yn)
and a sequence {e, } with €, > 0, ¢, — 0 such that

<p1tl(ynaxn) —U1,T — xn> + %HZE - xn”Z + €n 2 07 Vr € K?
<p2t2(xnayn) — U2,y — yn> + %”y - yn||2 +én > 07 Vy € K.

(ii) A sequence {(zn,yn)} in K x K is called a-approzimating sequence for
(SCV1,) if, there exist t1(Yn, Zn) € T1(Yn, Tn),t2(Tn,yn) € To(zn,yn) and a se-
quence {e,} with €, > 0,¢, — 0 such that

{p1t1(Yn, Tn) — V1,0 — x,) + al|z — 2,]|> + €, >0, V€K,
(p2ta(Tn,yn) = vo,y = yn) +ally —yall> + €, >0, Vye K.
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Remark 6. (i) It is easy to see that any a-approximating sequence for (SCVI) is
a-approximating sequence for (SCVI,);

(ii)If @« = 0 in Definition 4.2, then the a-approximating sequence for (SCVI)
reduces to the approximating sequence for (SCVI);

(iii) The a-approximating sequence for (SCVI) is also called the approximating
sequence for (SCVI,).

Definition 4.3. (i) (SCVI) is said to be a-well-posed if it has a unique solution
and every a-approximating sequence for (SCVI) converges strongly to the unique
solution;

(if) (SCVI) is said to be generalized a-well-posed if the solution set S of (SCVI)
is nonempty and every a-approximating sequence for (SCVI) has a subsequence
which converges strongly to some point of S.

Remark 7. If & = 0 in Definition 4.3, then the a-well-posedness and generalized
a-well-posedness reduce to the well-posedness and generalized well-posedness, re-
spectively; The generalized a-well-posedness shows that the solution set S of (SCVI)
is nonempty and compact.

Definition 4.4. (i) (SCVI,) is said to be well-posed if it has a unique solution
and every approximating sequence for (SCVI,) converges strongly to the unique
solution;

(ii) (SCV1,) is said to be generalized well-posed if the solution set S, of (SCVI,)
is nonempty and every approximating sequence for (SCVI,) has a subsequence
which converges strongly to some point of Sy;

(iii) (SCVI,) is said to be a-well-posed if it has a unique solution and every
a-approximating sequence for (SCVI, ) converges strongly to the unique solution;

(iv) (SCVI,) is said to be generalized c-well-posed if the solution set S, of
(SCV1,,) is nonempty and every a-approximating sequence for (SCVI,) has a sub-
sequence which converges strongly to some point of S,,.

Remark 8. From Definitions 4.2-4.4 and Remarks 6-7, it follows that the well-
posedness and generalized well-posedness of (SCVI,) imply the a-well-posedness
and generalized a-well-posedness of (SCVI), respectively.

The following lemma shows that the relations between the a-well-posedness and
generalized a-well-posedness for (SCVI) and the well-posedness and generalized
well-posedness for (SCVI,).

Lemma 4.5. Let E be a real Hilbert space, T; : Ex E — 27 be (1;,;)-Lipschitzian,
1 =1,2. Then the following hold:

(i) (SCVI) is a-well-posed if and only if (SCVI,) is well-posed;

(i1) (SCVI) is generalized a-well-posed if and only if (SCV1, ) is generalized well-
posed.

Proof. Tt directly follows from Lemma 4.1, Definitions 4.2-4.4 and Remarks 6-7. [

Next, we show that the relations between the a-well-posedness and generalized
a-well-posedness for (SCVI) and that for (SCVI,).

Lemma 4.6. Let E be a real Hilbert space, T; : Ex E — 2F be (1, ;)-Lipschitzian,
i1 =1,2. Then the following hold:

(i) if (SCVI,) is a-well-posed, then (SCVI) is also a-well-posed;

(i) if (SCV1,) is generalized a-well-posed, then (SCVI) is also generalized o-
well-posed.
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Proof. It immediately follows from Lemma 4.1, Definition 4.4 and Remarks 6-7. [

In order to illustrate some metric characterizations of a-well-posedness and gen-
eralized a-well-posedness, for any € > 0, we introduce the following approximating
set:

Q(E) = {(i.ag) EK xXK: Htl(gai‘) € Tl(gvi.)7t2(i.7g) € TZ(i.7g)7
(prt1(3,&) — vi,a = 3) + Sl — 3| + >0,

Jo ~ « -
<P2t2(337y)_U2ay_y>+§”y_yH2+€207 anyEK}
It is easy to see that Q(e1) C Q(e2) for all €1, €0 > 0 with €1 < es.

Theorem 4.7. Let E be a real Hilbert space, and T; : E x E — 2F be (15,7;)-
Lipschitzian, i = 1,2. Then (SCVI) is a-well-posed if and only if Q(e) # O for all
e >0 and diam(Q(e)) — 0 as e — 0.
Proof. If (SCVI) is a-well-posed, then there exists a unique (z*,y*) € K x K such
that there exist ¢1(y*, 2*) € T1(y*, z*), t2(a*, y*) € To(z*,y*),
{ <P1t1(y*7$*)_vlal‘—$*>20a V$EK7
(pata(z™,y*) —v2,y —y") 20, Vye€K.
Moreover,
{ (p1t1(y*,a*) — v,z —2*) + $lle —2*||2 >0, VzeK,
(pata(@*,y*) —v2,y —y) + 5lly —y*[I> 20, VyeK.
Therefore, (z*,y*) € Q(€), Ve > 0, that is, Q(e) # 0.
Suppose that diam(Q(e)) 4 0 as ¢ — 0. Then there exists o > 0, for any
sequence {e,} with €, > 0,¢, — 0 and (@, yn), (z),,4.) € Q(€,) such that

(@5 Yn) = @nsyn)ll > 0, ¥n € N. (23)

Clearly, {(xn,yn)},{(2),,yl)} are a-approximating sequences. Then (x,,y,) and
(x),,yr,) must converge strongly to the unique solution (z*,y*) € S, which contradict
(23).
For the sufficiency, assume that Q(e) # 0,Ve > 0 and diam(Q(e)) — 0 as
e — 0. Let {(zn,yn)} be an a-approximating sequence for (SCVI). Then there
exists a sequence {e,} with €, > 0,e, — 0 such that there exist t1(yn,x,) €
Tl (yna .Tn), tQ(xnv yn) S TQ(xna yn)7
{ <p1t1(yn7$n) — U1, T — xn> + %”x - anQ +e, >0, VzeK,
<p2t2(xnayn) — U2,y — yn> + %Hy - yn||2 +en 2 07 Vy € Ka
that is, (zn,yn) € Q(en) for n € N. In the light of diam(Q(e)) — 0 as € — 0,
the solution of (SCVI,) is unique and so, {(x,,yn)} is a Cauchy sequence which
converges strongly to (z*,y*) € K x K. Since T; is (¢;,;)-Lipschitzian, i = 1,2,
and from (24), there exist ¢t1(y*, z*) € T1(y*, x*), ta(z*,y*) € Ta(z*,y*),
{ (prt1(y*,2*) — v, o — %) + 5|z — ¥ >0, VreK,
(pata(a™, y*) —vo,y —y*) + 5lly —y*[I? >0, VyeK.
Consequently, (z*,y*) is the unique solution of (SCVI,). By Lemma 4.1, (z*,y*) €
Sy is also the unique solution of (SCVI). Therefore, (SCVI) is a-well-posed. O

(24)

(25)

Now we give a Furi-Vignoli type characterization of the generalized a-well-
posedness for (SCVI) by using Kuratowski measure of noncompactness instead of
the diameter.
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Theorem 4.8. Assume that all the conditions of Theorem /4.7 are satisfied. Then
(SCVI) is generalized a-well-posed if and only if Q(€) # 0,Ve > 0 and u(Q(e)) — 0
as € = 0.

Proof. The proof is similar to the proof of Theorem 3.2 in [11] and so it is omitted.
O

It is well known that the well-posedness of a optimization problem is equivalent
to the existence and uniqueness of its solutions. In [11], Hu, Fang, Huang et al.
also obtained the relations among the well-posedness, existence and uniqueness of
solution for system of equilibrium problem. Next, we establish analogous results for
the a-well-posedness and generalized a-well-posedness for (SCVI).

Theorem 4.9. Let E be a real Hilbert space, Ty : ExE — 2F be (1;,7;)-Lipschitzian
and B;-strongly monotone with respect to the second argument, i = 1,2. Assume that
the following conditions hold:

(i) o — pi3i <0, =1,2;

(i) for any z,y,z € E,t;(x,y) € T;(z,y), the mapping (x,z) — (ti(z,y),z) is
convex.
Then (SCVI) is a-well-posed if and only if it has a unique solution.

Proof. If (SCVI) is a-well-posed, from Definition 4.3, we know that (SCVI) has a
unique solution.

Conversely, if (SCVI) has a unique solution (x*, y*), then, from Lemma 4.1, S, =
{(z*,y*)}. It follows that there exist ¢;(y*,x*) € Ty (y*, z*), ta(a*,y*) € To(a*, y*
such that

{ <p1t1(y*,l’*)7U1,$7$*>+%”5E*$*”220, vaK,

(pata(z*,y*) —va,y —y*) + Sy —y*[I> >0, VyeK.

For any x,y,z € E;tl(yvx) € Tl(y,m),tg(m,y) € TZ(‘rvy)v the mappings fag :
E x E x E — R defined by

(26)

(6%
f(x7y7z) = <P2t2(337y) — V2,2 — y> + §||Z - y||2,

a
9(y,z,z) = (prt1(y, x) —v1,2 — x) + §HZ —z|*

Obviously, f(x,y,y) = g(y,z,x) = 0. Since T} : E x E — 2¥ is (1;,7;)-Lipschitzian
and [;-strongly monotone with respect to the second argument, i = 1,2, it follows
that for each (z,y) € E x E, f(x,-,-) and g(y, -, -) are continuous. Again from (i),
we have

fay,2) + f(z.2y) = (pata(z,y) —ta(,2)), 2 — y) +allz —y|?
< (a—pafa)lz —yl?
< 0
and so, g(y,x, z) + g(z, z,y) < 0. Therefore, f(z,-,-) and g(z, -, -) are monotone and
continuous. By (ii), f(-,y,-) and g(-,x,) are convex and continuous. So, f and g
satisfy the conditions of Theorem 4.1 in [11]. By the same argument as Theorem
4.1 in [11], we get that (SCVI,) is well-posed. Together with Lemma 4.5 this yields
that (SCVI) is a-well-posed. O

Theorem 4.10. Assume that there exists g > 0 such that the approximating set
Q(eg) is nonempty bounded, and all the conditions of Theorem 4.9 are satisfied.
Then (SCVI) is generalized c-well-posed.
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Proof. By the same argument of Theorem 4.2 in [11], (SCVI,) is generalized well-
posed. From Lemma 4.5 it follows that (SCVI) is generalized a-well-posed. O

Theorem 4.11. Assume that there exists g > 0 such that the approximating set
Q(eo) s bounded, and all the conditions of Theorem /.9 are satisfied. Then (SCVI)
is generalized a-well-posed if and only if S # (.

Proof. 1t directly follows from Definition 2.2 and Theorem 4.10. O
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