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Abstract: In this paper, we introduce and investigate two new generalized mixed equilibrium problems and explore
the relationship between them and the properties of their solutions in Banach spaces. Based on the general-
ized f-projection, we construct hybrid algorithms to find common fixed points of a countable family of quasi-¢-
nonexpansive mappings in Banach spaces, a common element of the set of solutions of generalized mixed equi-
librium problems and the set of fixed points for quasi-¢-nonexpansive mappings and, further, prove some strong
convergence theorems for these hybrid algorithms under some suitable assumptions. As some applications of the
main results, the strong convergence theorems for the general H-monotone mappings and equilibrium problems

are also proven.

Key—Words: Generalized mixed equilibrium problem, Quasi-¢-nonexpansive mapping, Strong convergence theo-

rem, Fixed point, Generalized f-projection.

1 Introduction

Let F be a real Banach space with the dual space E*,
C be a nonempty closed convex subset of E. The
norm and the dual pair between £ and E* are denoted
by || - || and (-, -), respectively.

In 1994, Alber [1] introduced the generalized pro-
jections 7o : E* — C and Illg : EF — C from
Hilbert spaces to uniformly convex and uniformly
smooth Banach spaces and studied their properties.
Furthermore, he applied the generalized projections
to approximately solving variational inequalities and
Von Neumann intersection problem in Banach spaces.
Li [3] extended the generalized projection from uni-
formly convex and uniformly smooth Banach spaces
to reflexive Banach spaces and established a Mann
type iterative scheme for finding the approximate so-
lutions for the classical variational inequality problem
in compact subsets of Banach spaces. Wu and Huang
[4] introduced a generalized f-projection 77(]; B —
2¢, which extended the generalized projection oper-
ator, and proved some properties of the generalized
f-projection operator in Banach spaces. In addition,
they showed an interesting relation between the gener-
alized f-projection operator and the resolvent opera-
tor for the subdifferential of a proper convex and lower
semicontinuous function in reflexive and smooth Ba-
nach spaces and proved the generalized f-projection
operator is maximal monotone in [5]. Fan, Liu and

E-ISSN: 2224-2880

117

Li[6] presented some basic results for the generalized
f-projection operator and discussed the existence of
solutions and approximation of solutions for gener-
alized variational inequalities in noncompact subsets
of Banach spaces by the iterative schemes. Recently,
Li, Huang, O’Regan [7] introduced another general-
ized f-projection operator and gave some properties
of this projection and proved strong convergence the-
orems for relatively nonexpansive mapping in Banach
spaces. As applications, they also proved some strong
convergence theorems for H-monotone mappings in
Banach spaces.

Let © : C' x C' — R be abifunction, ¢ : C' — R
be a real-valued function, A : C — E™* be a nonlinear
mapping and 7 : C' x C' — E be a mapping. We
consider the so-called generalized mixed equilibrium
problem (GMEP1): Find « € C such that

O(z,y) + (A(x),n(y, 2)) +¥(y) —P(z) >0 (1)

for all y € C. Denote the set of solutions to (1) by €2;.
Special cases of the problem (1) are as follows:
D Ifn(y,z) =y—axforallx,y € C, the problem

(1) is equivalent to the problem: Find x € C' such that

Oz, y) + (A(@),y —x) +¢(y) —¢(x) 20 (2)

for all y € C, which is called the generalized mixed
equilibrium problem [8]. The set of solutions to (2) is
denoted by (GMEP).
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(I If A(x) = 0forall z € C, the problem (1) is
equivalent to the problem: Find = € C' such that

O(z,y) +¥(y) —¥(z) =0 3)
for all y € C, which is called the mixed equilibrium
problem [9]. The set of solutions to (3) is denoted by
(MEP).

(D) If ©(z,y) = 0 for all z,y € C, the problem
(1) is equivalent to the problem: Find z € C such that

(A(z),n(y, ) +¢(y) —¥(x) = 0 4
for all y € C, which is called the mixed quasi-
variational inequality problem. The set of solutions
to (4) is denoted by (MQVIP).

IV IfO(x,y) =0,n(y,z) =y—=xforallz,y €
C, the problem (1) is equivalent to the problem: Find
x € C' such that

(A(z),y —z) +P(y) —(x) 20, Vyel, (5
for all y € C, which is called the mixed variational
inequality problem of Browder type [15]. The set of
solutions to (5) is denoted by (MVIP).

V) If A(z) = 0,¢(z) = 0 forall z € C, the
problem (1) is equivalent to the problem: Find x € C
such that

O(x,y) >0, VyeC, (©6)
which is called the equilibrium problem of Blum and
Oettli [16]. The set of solutions to (6) is denoted by
EP(©).

Recently, many authors studied the problems of
finding common fixed points of nonexpansive map-
pings, a common element of the set of fixed points
of nonexpansive mappings and the set of solutions of
equilibrium problems in the setting of Hilbert spaces
and uniformly smooth and uniformly convex Banach
spaces, respectively, (see, e.g., [8, 9, 10, 11, 12, 13,
14, 18, 23] and the references therein). Very recently,
Takahashi and Zembayashi [19] proved strong and
weak convergence theorems for finding a common el-
ement of the set of solutions of the equilibrium prob-
lem (6) and the set of fixed points of a relatively non-
expansive mapping in Banach spaces as follows:

Theorem TZ [19] Let EX be a uniformly convex and
uniformly smooth Banach space and C' be a nonempty
closed convex subset of E. Let © : C'x C' — R satisfy
Assumption 2 (see Section 2) and T : C — C be a
relatively nonexpansive mapping such that EP(©) N
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F(T) # 0. Let {xy,} be a sequence in C generated by

xg € C,

Yn = J Hand (2) + (1 — ap)J (Txy)),

u, ={z€C:0(zy)

-y = 2,J(2) = J(yn)) > 0,¥y € C},
Cn=1{2€C:{(xy,—2J(x)— J(x,)) > 0},
Qn = {Z eC: ¢(Z,Un) < ¢(Z,$n)},

Tnt1 = le,ng,.r0, VN >0,

where J is the normalized duality mapping on E,
{an} < 10,1] and {r,} C [a,00) such that
liminf, oo an(l — ) > 0 and a > 0. Then
the sequence {x,} converges strongly to a point
Hprnep©)To-

Inspired and motivated by the researches going
on in this direction, first, we introduce and investigate
two new generalized mixed equilibrium problems and
explore the relationship between them and the prop-
erties of their solutions. Secondly, by using the con-
ception of the generalized f-projection [7], we con-
struct hybrid algorithms to find common fixed points
of a countable family of quasi-¢-nonexpansive map-
pings, a common element of the set of fixed points
of quasi-¢-nonexpansive mappings and the set of so-
lutions of generalized mixed equilibrium problems in
Banach spaces and, further, we prove the strong con-
vergence of these hybrid algorithms under some suit-
able assumptions. Finally, as applications of our main
results, we discuss some strong convergence theorems
for general H-monotone mappings and equilibrium
problems.

2 Preliminaries

Throughout this paper, we denote by R the sets of real
numbers. Let C' be a nonempty closed convex subset
of aBanachspace E. Letn: CxC — E,T:C — C
be the mappings with F(T)) = {z € C : Tx = x}
and f : E — R U {+00} be proper convex and lower
semicontinuous. We denote by J : E — 2F" the
normalized duality mapping defined by

J(z) = {j(z) € E* : (j(x),2) = j(@)ll|z] = l|l=]|*}

forallz € E.

Without confusion, one understands that ||5(z)]|
is the E*-norm and ||x|| is the E-norm. Many proper-
ties of the normalized duality mapping .J can be found
in (see, for example, [1, 19, 21, 22, 24, 25]) and we list
them as follows:

(pl) J(x) is nonempty for each x € E;

(p2) J is a monotone and bounded operator in
Banach space;
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(p3) J is a strictly monotone operator in strictly
convex Banach space;

(p4) J is the identity operator in Hilbert space;

(p5) If E is a reflexive, smooth and strictly con-
vex Banach space and J* : E* — 2F is the normal-
ized duality mapping on E*, then J—! = J* JJ*
Ig+ and J*J = Ig, where Iy and I~ are the identity
mapping on F and E*, respectively.

(p6) If E is strictly convex Banach space, then .J
is one to one, i.e.,

z£y=J@)NJ(y) =0

(p7) If E is smooth, then .J is single valued;

(p8) E is uniformly convex Banach space if and
only if £* is uniformly smooth;

(p9) If E is uniformly convex and uniformly
smooth Banach space, then J is uniformly norm-
to-norm continuous on bounded subsets of E and
J~1 = J* is also uniformly norm-to-norm continu-
ous on bounded subsets of £*.

Let E be a smooth Banach space. Define a func-
tion ¢ : £ x E — R as follows:

¢z, y) = llel® = 2z, J(y)) + Iyl

and set

Gz, J(y) = ll2l* = 2(z, J(y)) + IylI* + 20 f (z)

forall z € C,y € E, where p is a positive number
and f : C' — R U {400} is proper convex and lower
semicontinuous, respectively.

Vx,y € E,

Remark 1 [3, 4, 5, 21] We have the following prop-
erties of the functions ¢ and G:

(1) IfC = E and f(x) = 0 for all x € C, then
Gla,y) = dla,y) forall v,y € C;

(2) If E is a reflexive strictly convex and smooth
Banach space, then, for all x,y € E,¢(x,y) = 0 if
and only if x = y;

(3) If E is a Hilbert space, then ¢(x,y) = || —
y||? forall z,y € E;

(4) For all 2,y € E, (|Jo] - |ly])* < é(z,y) <
(Nl + N1yl

Notation: “ — 7 stands for weak convergence and
“ — 7 for strong convergence.

We first recall some definitions and lemmas for
the main results in this paper.

Assumption 2 Let C' be a nonempty closed convex
subset of a uniformly convex and uniformly smooth
Banach space E and © : C' x C' — R be a mapping
satisfying the following conditions:

(C1) ©(z,z) =0 forall x € C,
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(C2) © is monotone, i.e., O(z,y) + O(y,x) <0
forall x,y € C;

(C3) O is upper-hemicontinuous, i.e., for all
x,y,z € C,

limsup O(z +t(z — z),y) < O(z,y);
t—0+

(C4) for all x € C, ©(x,-) is convex and lower
semicontinuous.

Definition 3 A point p € C is called an asymptotic
fixed point of T if there exists a sequence {x,} C
C which converges weakly to p and lim,,_, ||z, —
Tx,| = 0.

‘We denote the set of asymptotic fixed points of T’
by F(T).

Definition 4 [7] Let C be a nonempty closed and
convex subset of a smooth Banach space E. An opera-

tor Hé : B — 2% is called a generalized f-projection

if
(y) = {z € C: G(2,J(y)) < Gz, J(y)), Yz € C}
forally € E.

Remark 5 If f(z) = 0 for all x € C, then the gen-

eralized f-operator Hé(y) reduces to the generalized
operator ¢ (y).

Remark 6 If E is a Hilbert space and f(xz) = 0 for

all x € C, then the generalized f-operator Hé(y)
and generalized operator 1o (y) are reduced to the
following metric projection operator

Poly) ={z€C:lz—yl <l —yl, vz € C}.

The following example illustrates that the exten-
sion of metric projection operator is nontrivial.

Example 7 [2, 17] Let p = 1, E = R with the norm
(21, 72, 23)|| = \/x% + 23 + \/x% + 23 and C =
{zx = (x1,29,23) € E : x9 x3 = 0}. Define
f:C — RU+o00 by

-

Then E is a smooth strictly convex Banach space.

2+ 2v/5,
-2 - 2\/57

if x1 <0,
otherwise.

For xo = (1,1,1) € E, simple computation al-
lows that Pc(zo) = (1,0,0), o (z0) = (2,0,0) and
115, (20) = (4,0,0). O
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Definition 8 [21] Let S : E — C be a mapping. S is
called a firmly nonexpansive-type mapping if

¢(Sz, Sy) + ¢(Sy, Sx)
< ¢(Sx7y) + ¢(Sy7 $> - ¢(Sm7$) - ¢<Sy7y)

forall x,y € E.

From Definition 8, we have the following:

Proposition 9 Ler S E — C be a firmly
nonexpansive-type mapping such that F(S) # 0.
Then G(p,J(Sz)) + ¢(Sz,z) < G(p,J(x)) and

G(p,J(Sz)) < G(p,J(x)) forallp € F(S),z € E.

Definition 10 /8, 26] Let C be a nonempty closed
and convex subset of a smooth Banach space and
T :C — C be amapping. T is called:

(1) a quasi-¢-nonexpansive mapping if F(T) #
0 and ¢(p,Tz) < ¢(p,x) forall z € C and p €
F(T);

(2) a relatively nonexpansive mapping if F(T) =
F(T) # 0 and ¢(p, Tx) < ¢(p, x) forall x € C and
p € F(T);

(3) a nonexpansive mapping if

ITe =Tyl < e —3ll, VyeC;

(4) closed if, for any sequence {x,} C C with

T, — x and Tx, — vy, then T'x = y.

Remark 11 [7, 26] (1) It is easy to see that a quasi-
¢-nonexpansive mapping T is equivalent to F'(T') # ()
and G(p,J(Tx)) < G(p,J(x)) for all x € C and
p € F(T);

(2) Every relatively nonexpansive mapping is
closed and quasi-¢p-nonexpansive mapping;

(3) If E is a Hilbert space, then a nonexpansive
mapping is a relatively nonexpansive mapping.

In [13], Qin, Cho and Kang gave the following
example which is closed and quasi-¢-nonexpansive.

Example 12 Let E be a uniformly smooth and strictly
convex Banach space and M : E — 2" be a maxi-
mal monotone mapping with M ~1(0) # (). Then, the
resolvent operator Jy = (J + AM)~'J is a closed
quasi-p-nonexpansive mapping from E onto D(M)
and F(Jy) = M~1(0), where A > 0. Moreover, Jy is
also a relatively nonexpansive mapping. O

Definition 13 [27] Let E be a Banach space with the
dual space E* and C be a nonempty subset of E. Let
A:C — E*andn: C x C — FE be two mappings.
The mapping A is said to be:
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(1) n-hemicontinuous if, for any given x,y € C,
the function q : [0, 1] — R is defined by

q(t) = (A((1 = t)z + ty), n(y, x))

is continuous at 0% ;

(2) n-monotone if (A(x) — A(y),n(z,y)) = 0 for
all z,y € C.

Lemma 14 [28] Let E be a uniformly convex and
smooth Banach space and {x,}, {yn} be two se-
quences of E. If ¢(xy,yn) — 0 and either {x,} or
{yn} is bounded, then x,, — y,, — 0.

Lemma 15 [7] Let C be a nonempty closed convex
subset of a smooth and reflexive Banach space F and
lety € E. Then

(1L (y)) + G (y), J(y) < G(=, J(y))
forall x € C.

Lemma 16 [29] Let E be a uniformly convex Banach
space and let v > 0. Then there exists a strictly in-
creasing continuous and convex function h : [0, 2r] —
R such that h(0) = 0 and

o0
H > g
=1

forallk € N, {z;}32, C B, and {o;}2, C [0,1]
with Y 2, a; = 1, where B, = {z € E: ||z]| < r}.

2 o0
<Y aillwll? — araph(llar — )
=1

Lemma 17 [16] Let C be a nonempty closed convex
subset of a smooth strictly convex and reflexive Ba-
nach space E, © : C x C — R satisfy the conditions
(C1)-(C4) of Assumption 2 and let v > 0, x € E.
Then there exists z € C such that
1

@(Z,y)+;<y—Z,J(Z)—J(l’)> 207 V?JEC
Lemma 18 [19] Let C be a nonempty closed convex
subset of a uniformly smooth strictly convex and re-
flexive Banach space E and © : C x C' — R satisfy

Assumption 2. For any r > 0 and x € E, define a
mapping T, : E — C by

T@) = { = GC':@(z,y)qL%(yfz,
J(z) = J(x)) > 0,Vy € C}

forall x € E. Then the following statements hold:
(1) T, is single-valued;
(2) T is a firmly nonexpansive-type mapping;
(3) F(T,) = EP(©) and EP(O©) is closed and

convex.

Issue 2, Volume 12, February 2013



WSEAS TRANSACTIONS on MATHEMATICS

Lemma 19 [19] Let C be a nonempty closed con-
vex subset of a smooth strictly convex and reflexive
Banach space E and T : C — C be a quasi-¢-
nonexpansive mapping. Then F(T)) is closed and con-
Vex.

Lemma 20 [30] Let f : E — R U {400} be proper
convex and lower semicontinuous. Then there exist
y* € E* and o € R such that

fly) >

Lemma 21 [19] Let E be a smooth uniformly con-
vex Banach space and let » > 0. Then there ex-
ists a strictly increasing continuous and convex func-
tion h : [0,2r] — R such that h(0) = 0 and
hllz = yll) < ¢(x,y) for all z,y € B,, where
B, ={z€E: |z <r}.

(y,y")+a, VyekE.

Lemma 22 [7] Let C be a nonempty closed convex
subset of a real smooth and reflexive Banach space E.
Then the following statements hold:

(1) Hé(m) is nonempty closed convex subset of C
forallx € E;

(2) Forallz € E, & € Hé(aﬁ) if and only if

(@ —y, J(x) = J(2)) +pf(y) — pf(z) 2 0,Vy € C;

(3) If E is strictly convex, then Hé
valued mapping.

is a single

3 Generalized Mixed Equilibrium
Problems

In this section, we investigate the relationship between
(GMEP1) and the following generalized mixed equi-
librium problem (GMEP2) and the properties of their
solutions in a Banach space under some suitable con-
ditions. (GMEP2): Find = € C such that

O(z,y) + (A(y),n(y, =) + ¥(y) —¢(x) >0

forally € C.
Denote the set of solutions of (GMEP2) by (2s.

Theorem 23 Let C be a nonempty closed convex sub-
set of a Banach space E. Let © : C' x C' — R satisfy
the condition (C4) of Assumption 2, n : C x C —
E, A . C — E* be an n-hemicontinuous and n-
monotone mapping and ¢ : C' — R be a convex func-
tion. Assume that

(a) n(y,y) =0 forally € C;

(b) for any u,v € C, the mapping r
(A(v),n(x,w)) is convex.
Then (GMQEPI) and (GMQEP2) are equivalent, i.e.,
Q1 = Q.
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Proof: LetZ € €. Then, forall y € C,

Oz, y) + (A(@),n(y, 7)) + ¢ (y) —¢(z) 2 0. ()
Since A is an n-monotone mapping, we get
(A(y) — A(2),n(y, 7)) 20, VyeC,
and so
(A(y),n(y, @) = (A(x),n(y, 7)), VyecC.
Therefore, from (7), it follows that
Oz, y) + (Ay),n(y, ) + ¥(y) = ¥(z) 2 0
for all y € C'. This means that Z € €)s.
Conversely, let € (5. Then
Oz, y) + (Ay),n(y, 7)) + ¥(y) —¢(2) 20 (8)
forally € C. Forany y € C,puty, = (1 —t)T + ty

forall ¢ € (0,1). Then y € C. From (8), it follows
that

Oz, yt) + (A(y), n(yt, 7)) + () — ¥(T) > 0. (9)
Noticing that
O(z,y) < (1 —-1)0(z,z) +tO(z,y) = tO(Z,y),
U(ye) < (1= 0)v(F) + tY(y)
and
(Alye), n(ye, 7))
(1- )< (), (@, %)) + t{A(ye), n(y, ))
= t(A(ye),n(y, 2)).

Again, from (9), it follows that

t0(7,y) + t{A(ye), n(y, 7)) + t¥(y) — tp(z) > 0

Since ¢ € (0,1), we obtain

0(7,y) + (A(ye),n(y, z)) +¥(y) — () > 0.

By the n-hemicontinuity of A, we have

O(7,y) + (A(Z),n(y, 7)) + ¥ (y) — ¥(z) > 0.

Therefore, we have € (2. The proof is then com-
plete. g
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Theorem 24 Let C be a nonempty closed convex sub-
set of a smooth strictly convex and reflexive Banach
space E. Let © : C x C — R be a bifunction
satisfying the conditions (C1)-(C4) of Assumption 2,
n:CxC — E; A:C — E* be ann-hemicontinuous
and n-monotone mapping, ¥ : C — R be a convex
lower semicontinuous function and letr > 0, z € E.
Assume that

(a) n(z,y) +n(y,z) =0 forall x,y € C;

(b) for any v € C, the mapping r +
(A(x),n(v,x)) is convex and lower semicontinuous.
Then the following statements hold:

(I) There exists © € C such that

O(z,y) + (A(T),n(y, 7)) + ¢(y) — ¥(T)

1

+;(y —-z,J(z) - J(2)) >0, VyeC.

(I1) If we define a mapping U, : E — C by, for
any z € E,

Ur(2) = {u: O(u,y) + (A(u),n(y,w)) + ¢(y)
() + ~ly — u, () — J(2)) 2 0, ¥y € C},

then the mapping U, has the following properties:
(1) U, is single-valued and firmly nonexpansive-
type mapping; .
(2) F(Uy) = = F(Ur);
(3) Q1 is closed and convex.

Proof: For the sake of simplicity, we define a func-
tion H: C x C — Rby,forall z,y € C,

H(z,y) = 0O(z,y) + (A(x),n(y, ) + ¢¥(y) — ().

Then, forall z € F,

U(2) = {u € €+ Hluy) + -y~ u,
J(u) = J(z)) >0, Vy € C}.

From the definition of H, it is easy to see that
H(z,z) = 0 for all x € C. By the n-monotonicity
of A, it follows from 7(x, y) + n(y, z) = 0 that

H(x,y)+ H(y,z) <0, Va,yeC.

Since © satisfies the conditions (C3) and (C4) of
Assumption 2, ¢ : C' — R is convex and lower
semicontinuous, it follows from (b) that the function
y — H(x,y) is convex and lower semicontinuous and
so, for any x,y,v € C,

h;n?)ljp H(z+tv—2x),y)
= ligggp[@‘l(fv +t(v —2)),n(y,z + tv — x)))
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+O(z +tv—12),y) +¥(y)

=Yz +t(v —))]
< O(z,y) + (A(x),n(y, 7)) +¥(y) — ¥(x)
= H(z,y).

Summing up the above arguments, we know that the
function H satisfying the conditions (C'1)-(C4) of
Assumption 2. Therefore, from Lemma 18, we can
obtain the desired conclusions. This completes the
proof. O

From Theorems 23 and 24, we have the follow-
ing:

Corollary 25 Suppose that the assumptions of Theo-
rems 23 and 24 hold. Then Q1 = Q9 and )1 and )y
are closed and convex.

4 Main results

In this section, we explore several strong conver-
gence theorems for a countable family of quasi-¢-
nonexpansive mappings and the generalized mixed
equilibrium problems in Banach spaces under some
suitable conditions.

Theorem 26 Let C be a nonempty closed convex sub-
set of a uniformly convex and uniformly smooth Ba-
nach space E, T; : C — C for eachi > 1 be a
closed and quasi-@p-nonexpansive mapping such that
N2, F(T;) #0and f : E — RU{+00} be a proper
convex and lower semicontinuous mapping with lower
bound. Define a sequence {x,} in C by the following
Algorithm I :

xg € C, Qo= C,

Qn+1 = {Z €Qn: G(z, J(yn)) < G(zv J(l'n))}v

Tn4+1 = Hén+1$0, Vn > 0,

where {8n;} C [0,1] for each i > 1 such that

liminf, o0 BnoBri > 0 and 32724 Bnj = 1. Then

the sequence {x,} converges strongly to the point
f

HﬂfilF(Tz‘)xo'

Proof: By Lemma 19, it follows that N2, F/(7;) is

a nonempty closed and convex subset of E. Hence

Héi’il F(T) is well-defined. According to @y = C,
it follows that Qg is a nonempty closed convex set
and N2, F(T;) C Q. For each n > 1, it is easy
to check that @),, for each n > 1 is closed. For any

z € Qnt1 C Qp, we have

G(z,J(yn)) < G(2, J(zn))

& =2z, J(yn) = J(@n)) + lynl® = llzal* < 0.
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Take v1,vy € @Qn41 arbitrarily and put v; = tv; +
(1 —t)vg forall ¢t € [0,1]. Since, for each i € {1, 2},

—2(vi, J (yn) — J(@n)) + llynl® = llza]* <0,
we have
—2(vg, J(yn) — J(@n)) + lynll® = llzal* <O,

i.e., vt € Qn11. Therefore, Q11 is closed convex for
each n > 0. This implies that {z,, } is well-defined.

Next, we show, by induction, that N2, F/(T;) C
Qn, for all n > 0. First, N2, F(T;) C Qo is clear.
Now, suppose that N2, F'(T;) C Qy, for some k > 0.
Let w € ﬂ"le(T) Then w € Q. By virtue of
Remark 1, we obtain

2pf(w)
< (llynll = lw])? + 20 f ()
< lynll® = 2(w, I (yn)) + llwll* + 20/ (w)
G(w, J(yn))
lw]|* = 2(w, Buod (wn) + 2321 Bnid (Tin))
F1BnoT (on) + 321 i (Tiwn)|I” + 2pf (w)
< BoG(w, J(zn)) +Zﬁm J(Tizy))

< Glw, J(xn)),

ie.,w € Qpy1 and so N2, F(T;) C Q, foralln > 0.
Since f is proper convex and lower semicontinous, it
follows from Lemma 20 that there exist +* € E* and
a € R such that f(y) > (y,2*) + aforally € E.

Since z,, = Hénxg and w € Q,,, from the definition

of Hgn, we have

G(w, J(x0))
> G(zn, J(z0))
= |lznll?® = 2{zn, J(x0)) + llzol* + 2pf (w)
> ol = [1J(x0) — pa*||* + 2pa.

Consequently, {x,, }, {yn}, {Tiz,} foreachi > 1 and
{G(zp, J(x0))} are bounded. Let

r = supsoil[znll, [|Tiwnl 7 > 1}.

Then it follows from Lemma 16 that there is a
strictly increasing continuous and convex function A :
[0,2r] — R such that h(0) = 0 and, for any j > 1,

1Brod (xn) + > Buid (Tian)||>

=1

oo
< Buolleall® + ) Buil Tizal®

i=1

= BnoBnih((|J (2n) = J (Tjzn)|)-
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By Lemma 15, forany m > 1, £, 1. € Qnam C Qn
and so

(Tnpm, Tn) + G(Tn, J(20)) < G(Zpim, J(20)).
By virtue of Remark 1, we have
0)) < G(@nym, J (20)),

which means that {G(x,, J(x0))} is nondecreasing.
Therefore, lim,, oo G(xy, J(z0)) exists and so

G(xn, J(z

nh_{go ¢ (Trgm, Tn) = 0.

Particularly, lim,, o ¢(Zp41,2,) = 0. Thus, by
Lemma 14, we have

nlglolo | Zntm — T
= nh_)ngo |Tnt1 — znl] =0, Vm >1.

This yields that {z,, } is a Cauchy sequence in C'. Set
limy, oo n = p € C. Since xp11 € Qni1 C Qn, it
follows from the definition of ), that

G(rny1, J(yn)) < G(fvn—&-la J(xn))

Therefore, limy, o0 ¢(Zn+1,yn) = 0. This together

with Lemma 14 yields that

(10)

lim (41— gl = 0.

In view of ||z, — yn|| < [|2n — Zpsa || + | Zng1 — Yl

and by (10), we have

h_{{)lo [2n — ynl| = 0.

Since J is uniformly norm-to-norm continuous on
bounded subsets of F/, we have

J(yn)|l = 0.

Letw € N2, F(T;) C Qp+1 forall n > 1. Then, for
eachj > 1,

G(w, J(yn))
= [wli* = 2(w, BuoJ (2n) + T4 Bnid (Tin))

+ [1Brod (5) + 21 Bnid (Txn)H2 +2pf(w)
< G(w,J(@n)) = BoBsh((lJ (xn) — J (Tjza)l])-

Thus, for each j > 1,

Brobnjh(||J(xn) — J(Tjzn)]|)
< G, J(@n)) = Gw, J(yn))
= 2(w, J(yn) = I (zn)) + llzal® = llyall?
<l = ynll(lzall + [lynll)

+ 2[|wl[llJ (yn) = J (2n) I

Tim [T (@)
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From liminf,, o 8,083, > 0 for each j > 1, it fol-
lows that

lim (| () = J(Ty,)]) = 0.

Since J~! is uniformly norm-to-norm continuous on
bounded subsets of £*, by Lemma 21, we have

lim ||z, — Tjz,| =0, Vj>1.

n—oo

Since T for each j > 1 is a closed mapping, we have
Tjp = p and so, p € N2, F(T5).

- _ 1/

Let o = Hﬂ;’ilF(Ti)

w € NZ F(T;) C Qn, one has

G(an, J(20)) < G(@, J(x0)).

By the weakly lower semicontinuity of norm and the
lower semicontinuity of f, we obtain

G(p,J(zg)) < hn%g}fG(%J(xo))
< limsup G(zn, J(20))
n—oo

< G((D, J(xo)),

i.e, p = w. Therefore, the sequence {z,} converges

. Since z,, = Hgnmo and

strongly to a point Hr]': N g Zo- This completes the
1=1

(T3)
proof. g

Ift7; : ¢ — C foreach i > 1 is a relatively
nonexpansive mapping in Theorem 26, we have the

following:

Corollary 27 Let C, E and f be the same as Theo-
rem 26. Let T; : C — C for each i > 1 be a rela-
tively nonexpansive mapping such that N2, F(T;) #
0. Assume that {B,;} C [0,1] for each i > 0
such that iminf,, . Br0Bn; > 0 for each i > 1
and 3752 Bnj = 1. Then the sequence {x,} gener-
ated by Algorithm I converges strongly to the point
N

If T, = T for each i > 1 or, f(x) = 0 for all
z € E in Corollary 27, then, from Remarks 1 and 5,
we can obtain the modified results of [7]:

Corollary 28 [7] Let C, E and f be the same as The-
orem 26, and let'T' : C' — C be a relatively nonexpan-
sive mapping such that F(T) # (. Define a sequence
{zy} in C by the following algorithm:

To € Ca QO = Cv

Yn = I (Bud (x0) + (1 = Bn) I (Tzn)),

Qni1 = {Z € Qn: Gz, J(yn)) < Gz, J(xn))}a
xg Vn >0,

$n+1 = Hén«&»l

where {f,} C [0,1] such that liminf, . B,(1 —
Br) > 0. Then the sequence {x,} converges strongly

to the point HQ(T).%().
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Corollary 29 [7] Let C, E,T and f be the same as
Corollary 28. Assume that {5,} C [0,1] such that
liminf, o B, (1 — B,) > 0. Define a sequence {x,}
in C' by the following algorithm:

zo € C, Qo =C,
Yn = J_l(ﬁn‘](-rn) + (1 - Bn)J(Txn))>
Qn+1 = {Z €Qn: gz5(z,yn) < ¢(27$n)}7

Tpy1 = g, o0 Vn > 0.

Then the sequence {x,} converges strongly to the
point I pyxo.

Theorem 30 Let C, E, f and T;(i > 1) be the same
as Theorem 26 and let Q1 N (N2, F(T;)) # 0. Sup-
pose that the assumptions of Theorem 24 hold. Define
a sequence {x,} in C by the following algorithm:

ZTo € Ca QO = Ca
Yn = Jﬁl(ﬂnoj(xn) + Z?il /anJ(zjn));
un = Uy, (Yn),
Qni1 ={2 € Qn:G(z,J(un)) < G(z,J(zn))},
Tpyl = Hénﬂxo, Vn > 0,
where U, is defined in Theorem 24, {f,;} C [0,1]
for each i > 0 and {r,} C (0,00) such that
liminf,, o BnoBn; > 0,liminf, oor, > 0 and
©0Bni = 1 forall j > 1,n > 1. Then
the sequence {x,} converges strongly to the point
Hsfzm(mfilF(Ti))xO'
Proof: By Lemmas 18 and 19, it follows that
O N (N2, F(T;)) is closed and convex. Hence
H{hﬁ(ﬂfil F(T))) is well-defined. As in the proof of
Theorem 26, we can get that (Q,, is nonempty closed
and convex for all n > 0 and so {z,, } is well-defined.
Let s, by  induction, show  that
O N (N2, F(T;)) € Qp for all n > 0. From
Qo = C, it follows that Q; N (N2, F(T;)) C Qo.
Assume that Oy N (N2, F(T;)) C Q) for some
k>0.Letw € Q; N (N2, F(T;)). From Proposition
9 and Remark 11, it follows that

2pf(w)

< (lwll = llugl)? + 20 f (w)

< wl? = 2w, J(ur)) + lurl? + 20 (w)
G(wv‘](uk))
G(wﬂj(Urkyk))

< G(w,J (k)

= Jwll? = 2(w, J(wr)) + gl + 20 (w)

< BroGw, J(xx)) + Y B Glw, J(Tja))

j=1
< G(w,J(mk)),
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ie., w € Qpy1. Therefore, 1 N (N2, F(T;)) C Qn
forall n > 0. Since f : E — R U {+o0} is proper
convex and lower semicontinuous, this, together with
Lemma 20, yields that there exist z* € E* and o € R
such that f(y) > (y,z*) + a forall y € E. Observe
that

Gn, T (20))
012 = 2{zn, J(20)) + [[zol® + 2pf (2n)

(lznll = 114 (z0) = pa™[1)* + l|zoll* = 1|7 (o)
— pz*||? + 2pa.

v

From both z,, = Hénl‘o and w € @), one concludes

G(w, J(xp))
G(zn, J(x0))
@l = [|J(z0) — pz*||* + 2pov.

(AVANAY]

Thus {z,}, {Tjz,} for each j; >
{G(xp, J(x0))} are bounded. Let

1 and

r = sup,sotllzall, [[Tiznll - 5 > 1}

Then it follows from Lemma 16 that there exists a
strictly increasing continuous and convex function A :
[0,2r] — R such that 2(0) = 0 and, for each j > 1,

18n0 () + D Brjd (Tjzn)|I?

j=1

< Buollwnll? + D Bl Tjanll®
j=1
— BnoBngh(||J (zn) —

Again, it follows from z,+; € Qn+1 C @, and
Lemma 15 that, for any m > 1,

J(Tjzn))-

(T +m. 1Ty, 20) + G(IT, w0, T (20))
< G(xn+m7 J(xo)),

that is,
(@nym; tn) + G(2n, J(20)) < G(@ngm, J(20))-
Then, by Remark 1,
G(xn, J(20)) < G(@ntm, J(20))
and
G (xn, J(20)) < G(2nt1,J (20)).

Namely, {G(xy, J(x¢))} is nondecreasing. Thus

lim,, o0 G(2p, J(x0)) exists and so

) = B 0(s1,0) =0
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By the definition of ),, for each n > 1, we have

¢($n+1, un) < ¢(xn+17 xn)

and so limy, o0 @(2p41,u,) = 0. From Lemma 14, it
follows that

nliggollévnﬂ—un!l = nlgroloH;Uner_an

= nlggo [#n+1 — @all = 0.
This implies that lim,,_, ||z, — uy|| = 0 and {z,}
is a Cauchy sequence in C. Set lim, oz, = Z.

Moreover, we have

G(w, J(uy))
= G(wv J(Urnyn))
< G(w,J(yn))

IN

B0, T(wn) + 3 Bus G, T (Tyz,))
j=1

= BnoBnih(|[J(xn) = J(Tizn) ),
G(w, J(xn)) = BroPnih(([J (n) = J(Tjzn)l))-

Consequently, for each j > 1,

BroPnjh([|J(xn) — J(Tjan)l|)
G(w, J(zpn)) — G(w, J(uy))
[0 — tnl|([|2n]] + [Jun])

+ 2||w[[|J (2n) = J (un)]|

IN

IA A

and so G(w,J(yn)) < G(w,J(x,)). From
liminf, o0 Brofn; > 0, we derive that
Tim A(J(@a) — J(Tw,))
= lim G(w, J(zn)) — G(w, J(uy)) = 0.

Furthermore, one has

lim ||J(zy) —

Jim J(Tjzy)|| = 0.
Since J* = J~! is uniformly norm-to-norm continu-
ous on bounded subsets of E*, we get

Jim |zn — Tjzy|| =0, Vj>1. (11)
Since T); for each j > 1 is closed, it follows from (11)
that T;z = z for each j > 1. Thus z € N2, F(T5).
Noticing that G(w, J(yn)) < G(w, J(zy)). Then, by
Proposition 9, we have

gb(una yn) = ¢(Urnyna yn)
< G(wa J(yn)) - G(w7 J(Urnyn))
< Glw, T(2n)) — Clw, I (wn)).
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Hence, lim;,_, o0 ¢(tun, yn) = 0. By using Lemma 14,
one has

Tim [l — yul = 0.
This, together with lim,, . ||z, — u,| = 0, yields

that u,, — Z and y,, — Z. Since J is uniformly norm-
to-norm continuous on bounded subsets of F,

lim |7 (u) — )| = 0.

n—oo

In view of lim inf,, .., > 0, we have

o 1) =7

n—oo Tn

Wl _

For the sake of brevity, let the function H : C' x C' —
R be the same as Theorem 24. Then

Uy J (Up,) —

H(un ) + -y - Tn) > 0

n

for all y € C. From the proof of Theorem 24, it fol-
lows that H satisfies the conditions (C'1)-(C4) of As-
sumption 2. This yields that

= e Tan) — T(w2)
_H(una y)

H(y, Un)y

AR

vy e C.
Taking the limit as n — oo, we obtain
H(y,z) <0, VyeC.

Taking y € C arbitrarily, we have Z € C and ty +
(1—t)z € Cforallt € (0,1]. Hence,

H(ty+ (1—-t)z,z) <0

and so
0 = Hity+ (1 —-t)z,ty+ (1 —t)x)
< tH(ty+ (1 —t)z,y)
+(1-t)H(ty+ (1 —t)z,z)
< tH(ty+ (1 —t)z,y).

Moreover, one has
H(ty+ (1 -t)z,y) =0
and so, from Assumption 2 (C3),

0 <limsup H(ty + (1 —t)z,y) < H(Z,y).
t—0+

This means = € Q2 and so z € Oy N (N2, F(T;)).
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Next, let o = 1/ 7,))%0- It follows from

Qn(nge, F(T:
Tpil = Hénﬂxo and w € Q; N (N2, F(T;)) C
Q1 that
G($n+1a J($0)) < G((I), J(.’Bo))

By the weakly lower semicontinuity of the norm, we
have

G(z, J(xo))
|1Z[* = 2(z, J (z0)) + |zo]|* + 20f ()
lmng(azn,J(mo))

hTI}l_)So%p G(xp, J(20))
G((Dv J(xO))

IAN A

IN

By Lemma 22, one has & = @. So the sequence {z,}

converges strongly to the point 1'[Q A(nee  F(T;))L0-
This completes the proof. O
If f(x) =0 forall z € E, then, from Remarks 1,

5 and Theorem 30, the following result holds:

Corollary 31 Let C, E and T;(i > 1) be the same as
Theorem 26, and let 01 N (N2, F(T;)) # 0. Suppose
that the assumptions of Theorem 24 hold. Define a
sequence {x} in C by the following algorithm:

xg € C, Q(]

Yn =J7 (ﬁnoj(xn) + Z =1 an (zjn))v
Uy = Uy, (yn)

Qn+1 = {Z €Qn: ¢(Zaun) < qﬁ(z,a:n)},
Tn4+1 = HQn+1$U’ Vn Z 0,

where U, is defined in Theorem 24, {f,;} C [0,1]
for each i > 0 and {r,} C (0,00) such that
liminf,, ;o BnoBn; > 0,liminf, o7, > 0 and

Pobni = 1 forall j > 1,n > 1. Then
the sequence {x,} converges strongly to the point
Haunnge, F(zi)) To-

If A(x) = 0,%(x) =0and T; = T forall z €
C and i > 1 in Theorem 30 and Corollary 31, the
following results hold:

Corollary 32 Let C, E and f be the same as Theo-
rem 26. Let © : C x C — R satisfy the condi-
tions (C1)-(C4) of Assumption 2, T : C — C be a
closed and quasi-@-nonexpansive mapping such that

EP(©)NF(T) # 0. Define a sequence {x,,} in C by
the following algorithm:

ZTo € Ca QO =C

Yn = J Hand (2) + (1 — apn)J (Txy)),

Un = Up, Yn,

Qui = 12 € Qu : Gz, J(un)) < Gz, I ()},

Tn4+1 = Hén+1$0, Vn > 0,
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where
1
Unyn ={2 € C: O(z,y) + 7<y - %
n
J(2) = J(yn)) 2 0,Vy € C},
{an} C [0,1] and {r,} C (0,00) such that
liminf, oo ap(l—ay) > 0and liminf, o r, > 0.
Then the sequence {x,} converges strongly to the
; f
point HF(T)OEP(@)xO'

Corollary 33 Let C,E,T and © be the same as
Corollary 32. Define a sequence {x,} in C by the
following algorithm:

Ty € Cu QO = Cu
Yn = Jﬁl(anj(xn) + (1 — an)J(Txy)),
Up = Urnyn

Qn+1 = {Z €Qn: ¢(Z> J(un)) < ¢(Za J(l'n))}a

Tnt+1 = HQn+1x07 vn > 07

where U, vy, 1is the same as Corollary 32,
{an} < [0,1] and {r,} C (0,00) such that
liminf, o0 (1 —ay,) > 0and liminf,, . r, > 0.
Then the sequence {x,} converges strongly to the
point I p(1yngp(e)Zo-

Remark 34 Corollary 33 improves Theorem TZ. In-
deed, the iterative sequence of Corollary 33 is simpler
than that of Theorem TZ in the following aspects:

(1) Cp={z€C:{(xp—2,J(x0)—J(x,)) >0}
is removed;

(2) zpr1 = g,ng,xo is replaced by xp41 =
HQn.CC().

Remark 35 From Theorem 23, we can derive some
results for the problem (GMQEP2) which are similar
to Theorems 30 and Corollaries 31-33.

S Applications

In this section, we shall utilize the obtained results in
Section 4 to find a common element of the set of solu-
tions of equilibrium problem (6) and the set of zeros
of general H-monotone mapping in Banach spaces

Definition 36 [7] A mapping H from E to E* is said
to be:
(1) monotone if
(Hrx — Hy,x —y) >0, Vr,y€ E;
(2) strictly monotone if H is monotone and
(Hx — Hy,z —y) =0z =y;

(3) B-Lipschitz continuous if there exists a con-
stant B > 0 such that

|Hz — Hy| < Blla -yl V. y € E.
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Definition 37 [7] Let M : E — E* be a multivalued
mapping with domain D(M) = {z € E: Mz # 0}.
M is said to be:

(1) monotone if, for any x; € D(M) and v; €
MCCZ', 1= 1, 2,

(v1 — Vg, 1 — ) > 0;

(2) t-strongly monotone if, for any x; € D(M)
andv; € Mz;,i = 1,2,

(v1 — Vo, 1 — @2) > A|z1 — 2275

(3) maximal monotone if M is monotone and its
graph Gr(M) = {(x,v) : v € Mz} is not properly
contained in the graph of any other monotone map-
ping;

(4) general H-monotone if M is monotone and
(H +tM)E = E* holds for any t > 0, where H is a
mapping from E to E*.

Throughout this section, without other specifica-
tions, let H : £ — E* be a strictly monotone map-
ping and M : E — 2F" be a general H-monotone
mapping. From Li, Huang and O’Regan[7], we know
that T\ = (H + AM)~'H : E — D(M) is a single
valued mapping and F(Ty) = M ~1(0) is nonempty
closed and convex for all A > 0.

The modulus of convexity of E is defined by

du(e) = inf{1 lall = lyll =1,

o —yll = .

_ Mz 4yl
2

The modulus of smoothness of E is defined by

o +yll +[lz —yll
2

el =1, 1yl < t}.

1:

pe(t) = sup {

Lemma 38 [7] Let E be a uniformly convex and uni-
formly smooth Banach space with §g(¢) > ke* and
pe(t) < ct? for some k,c > 0. Let H : E — E* be
a strictly monotone and B-Lipschtiz continuous map-
ping and M : E — 2F" be a general H-monotone
and i-strongly monotone mapping with v > 0. If there
exists A > 0 such that

1
64cB? < ikﬁ?,
then T, is a relatively nonexpansive mapping.

Theorem 39 Assume that the assumptions of Lemma
38 hold. Let © : E x E — R satisfy Assumption 2
with EP(©) N M~1(0) # 0, f : E - RU {+o0}
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be a proper convex and lower semicontinuous map-
ping with bounded below and let D(f) = E. Define a
sequence {x,} in E by the following algorithm:

HAVNS E7 QO = E7
Yn = J_l(anJ(xn) + (1 — an)J (Toazn)),

Up = Urn (yn)a
Qn-i—l = {Z €Qn: G(z, J(un)) < G(Z’ J(xn))}’
Tn4+1 = Hén+1$0, Vn > 0,

where Ty, y, = {z € E O(z,y) + %(y —

z,J(z) — J(yn)) > 0,Vy € E}{an} C [0,1] and
{rn} C (0,00) satisfy liminf,_,~ a,(1 — ay,) > 0
and liminf, ooy, > 0. Then the sequence {x}

converges strongly to the point Hf\c/[,l (0)NEP(©)T0-
Proof: It follows directly from Corollary 32 and
Lemma 38, since M~1(0) = F(T)) is nonempty
closed and convex for any A > 0. g
Particularly, if H = J is a normalized duality
mapping from E to 2F7, the following results hold:

Theorem 40 Let £, M, © and f be the same as The-
orem 39. Let J\ = (J + AM)~1J, where A > 0. Let
{z,} be a sequence in E defined as follows:

To € Ea QO = Ea

Yo = I HanJ (2) + (1 = an) I (Jazn)),

Up = Trnym

Qn+1 = {Z €Qn: G(z, J(Un)) < G(Z> J(.I‘n))},
In+1 = HénJrlea vn > 07

where Ty, is defined in Theorem 39, {c,} C [0,1]
and {rp} C (0,00) such that liminf, . o (1 —
ap) > 0 and liminf, ,oor, > 0. Then
the sequence {x,} converges strongly to the point
Hﬁ/[—l(o)ﬁEP(@)xO‘

Proof. It follows directly from Corollary 29 since
J) 1s a relatively nonexpansive mapping (see [7]) and
M~1(0) = F(Jy) is nonempty closed and convex
(see [18]).
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