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�`uV R ~Zfn� E ~Z℄B Banach �wA<?�w~ E∗, C ~ E ,H��y\n� E∗ < E ,Df(o<?<J�r~ ‖ · ‖ 
 〈·, ·〉, f : E → (−∞, +∞] ~Ky�	!�bf�bf f , Fenchel Ufbf f∗ : E∗ → (−∞, +∞] 6+~
f∗(ξ) = sup{〈ξ, x〉 − f(x) : x ∈ E}.rbf f ,7�=~ domf = {x ∈ E : f(x) < +∞}. T : C → C ~'H��k\A�91nr~ F (T ) = {x ∈ C : Tx = x}. � T ~H�H,�N`
‖Tx− Ty‖ ≤ ‖x − y‖, ∀x, y ∈ C.
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 Sabach[16,18] }�
 [15] ,k�(o`"�/4:F�7� Bregman CH�Hk\(o7� Bregman �ZH�Hk\,SU�91�r� Chen .K [21] A℄B Banach �wS-O''�R Bregman 
<H�H2��A
�H�H2��
<H�H2�� Bregman
<H�H2�.��Q��\h5K�k\,"A��Ih�WC''�4$k�F�R
Bregman 
<H�H2�,�91�r(ok�,C`"��
UeRe,B?�
�}A℄B Banach �wS-O'��fbR Bregman 
<H�H2���4 Mann �
 Halpern �4$F��WC$V4$k�F��fbR Bregman
<H�H2�,SU�91�A^'tz��M5$V4$k��W,�),C`"��
2 �g��

υ ∈ C �~ T ,|��91�Q C 
a'�) {xn}R`": υ,[+ lim
n→∞

‖Txn−xn‖ =

0. υ ∈ C �~ T ,C�91�Q C 
a'�) {xn} C`": υ, [+ lim
n→∞

‖Txn − xn‖ = 0.r T ,|��91n<C�91nJ�~ F̂ (T ) 
 F̃ (T ). V {xn} ⊆ E, r {xn} C`":
x ∈ E ~ xn → x. <L* x ∈ int(dom f) < y ∈ E,f A x "F� y ,8F�)f6+~

f0(x, y) := lim
tց0

f(x + ty) − f(x)

t
.

Bauschke, Borwein 
 Combettes[5] Q��' Legendre bf f : E → (−∞, +∞] ,L=�p� f ~ Legendre, Q f A dom ∂f ,2'y\nU� ∂f ~	�7�&P,E (∂f)−1AA7�=U%℄	�7�,�N` E ~℄B Banach �w�E f ℄ Legendre 'E�'p0a (C1) 
 (C2).

(C1) int(dom f) 6= ∅, f A int(dom f) U℄ Gâteaux �|,E dom f = int(dom f);

(C2) int(dom f∗) 6= ∅, f∗ A int(dom f∗)U℄ Gâteaux�|,E dom f∗ = int(dom f∗).P+Y*,℄N` E ~℄B,� (∂f)−1 = ∂f∗. 6 (C1) 
 (C2), �+
∇f = (∇f∗)−1, ran∇f = dom∇f∗ = int(dom f∗),

ran∇f∗ = dom∇f = int(dom f).
�`uVybf f : E → (−∞, +∞] ℄ Legendre.m� 2.1[1,9] V f : E → (−∞, +∞] ~ Gâteaux �|,ybf� Bregman ��bf
Df : domf × int (dom f) → [0, +∞) 6+~ Df (y, x) := f(y) − f(x) − 〈∇f(x), y − x〉.� 2.1[18] Bregman 
7N��R�

(1) T1.\�<L* x ∈ domf < y, z ∈ int (dom f), 7
Df (x, y) + Df (y, z)− Df (x, z) = 〈∇f(z) −∇f(y), x − y〉;

(2) i1.\�<L* y, ω ∈ domf < x, z ∈ int (dom f), 7
Df (y, x) − Df (y, z) − Df (ω, x) + Df (ω, z) = 〈∇f(z) −∇f(x), y − ω〉.m� 2.2[1] V f : E → (−∞, +∞] ~ Gâteaux �|,ybf� x ∈ int (dom f) *H��yn C ⊂ domf , Bregman w0~}',�& projfC(x) ∈ C 0a

Df(projfC(x), x) = inf{Df(y, x) : y ∈ C}.



72 f � � � � � Vol.34Am� 2.3[20] V C ~ domf ,H��y\n�T : C → int (dom f) ,k\E F (T ) 6= ∅.

T �~
(1) ; Bregman H�H,�Q

Df (u, Tx) ≤ Df (u, x), ∀x ∈ C, u ∈ F (T );

(2) Bregman 
<H�H,�Q F̂ (T ) = F (T ) E
Df (u, Tx) ≤ Df (u, x), ∀x ∈ C, u ∈ F (T );

(3) R Bregman 
<H�H,�Q F̃ (T ) = F (T ) E
Df (u, Tx) ≤ Df (u, x), ∀x ∈ C, u ∈ F (T ).m� 2.4 V C ~ domf ,H��y\n�{Tn}∞n=0~ C * C ,℄2�E F ({Tn}∞n=0) 6=

∅. {Tn}∞n=0 �~�fbR Bregman 
<H�H�Q F̃ ({Tn}∞n=0) =
∞
⋂

n=0
F (Tn) E

Df (u, Tnx) ≤ Df (u, x), ∀x ∈ C, u ∈ F (Tn), n ≥ 0.� 2.2 N` F̃ ({Tn}∞n=0) =
∞
⋂

n=0
F (Tn), E {Tn}∞n=0 %�~'Q�,�m� 2.5[8] V f : E → (−∞, +∞] ~ Gâteaux �|,ybf� f �~

(1) `sy,A x ∈ int (domf)��QpA x�,`sy�7�p�bf νf : int (domf)×

[0, +∞) → [0, +∞) 6+~
νf (x, t) := inf{Df (y, x) : y ∈ domf, ‖y − x‖ = t} > 0, t > 0;

(2) A7�nU`sy,�Q νf (B, t) ~Lf< E ,LeH�7�\n B 
 t > 0, AS νf : int (domf) × [0, +∞) → [0, +∞) 6+~ νf (B, t) := inf{νf (x, t) : x ∈ B ∩ domf}.m� 2.6[8,15] bf f : E → (−∞, +∞] �~�)'Q,�Q< E S,L*$P�)
{xn} 
 {yn} [+/'P7�E lim

n→∞
Df(yn, xn) = 0 ⇒ lim

n→∞
‖yn − xn‖ = 0.�z 2.1[8,9] V f : E → (−∞, +∞] ~ybfE7�=S,1�}'�E f ~�)'Q,'E�'pA7�nU~`sy,��z 2.2[14] V f : E → R ~'Q Fréchet �|,EA E ,7�\nU7��E ∇f A

E ,7�nU'Q!���z 2.3[15] V f : E → R ~ Gâteaux �|E`sy,bf�N` x0 ∈ E E�)
{Df(xn, x0)}∞n=1 7��91�) {xn}∞n=1 %7���z 2.4[15] V f : E → R ~ Gâteaux�|E`sy,bf�x0 ∈ E. uV {xn}∞n=1 7�E {xn}∞n=1 ,L*R\�)m�d: C. Q Df (xn, x0) ≤ Df(projfC(x0), x0) <L* n ∈ N,91 {xn}

∞
n=1 C`": projfC(x0).�z 2.5[21] V f : E → (−∞, +∞] ~ Legendre, C ~ int (dom f) ,H��y\nE

T : C → C [: f ~; Bregman H�H2��E F (T ) ~�yn��z 2.6 V f : E → (−∞, +∞] ~ Gâteaux �|EKy�	!�,�91�<L*
z ∈ E, 7

Df

(

z,∇f∗
(

N
∑

i=1

ti∇f(xi)
))

≤
N

∑

i=1

tiDf (z, xi),
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i=1 ⊂ E, {ti}N

i=1 ⊂ (0, 1) E N
∑

i=1

ti = 1.�z 2.7[10] V f : E → R ~ Gâteaux �|EA int(domf) U~`sy,bf�
x ∈ int(domf), C ⊂ int(domf) ~H��yn�E7N��/
i.v

(1) x̂ ∈ C E x̂ = projfC(x);

(2) x̂ ∈ C ~N��J�.\,�
〈∇f(x) −∇f(z), z − y〉 ≥ 0, ∀y ∈ C;

(3) x̂ ∈ C ~N��.\,�
Df (y, z) + Df (z, x) ≤ Df (y, x), ∀y ∈ C.

3 ��u}
���3}-O$V4$k�F�'�fbR Bregman 
<H�H2�,SU�91�A'�^',tz��M5J�k�,C`"��mz 3.1 V C ~Z℄B Banach �w E ,H��y\n� f : E → R ~ Legendre EA E ,7�nU~7�,�'Q Fréchet �|�`sy,� {Tn} ~ C * C ,'�fbR
Bregman 
<H�H2�[+ F =

∞
⋂

n=0
F (Tn) 6= ∅. V {xn} 
 {yn} 6N�k�W�


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






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



x0 ∈ C, Q0 = C,

zn = ∇f∗(βn∇f(Tn(xn)) + (1 − βn)∇f(xn)),

yn = ∇f∗(αn∇f(xn) + (1 − αn)∇f(zn)),

Cn = {z ∈ Cn−1 ∩ Qn−1 : Df (z, yn) ≤ Df (z, xn)},

C0 = {z ∈ C : Df(z, y0) ≤ Df (z, x0)},

Qn = {z ∈ Cn−1 ∩ Qn−1 : 〈∇f(x0) −∇f(xn), z − xn〉 ≤ 0},

xn+1 = projfCn∩Qn
x0, ∀n ≥ 0,AS� {αn}, {βn} ⊂ [0, 1] [+ lim inf

n→∞
(1 − αn)βn > 0. E7�) {xn} 
 {yn} C`":1

projfF (x0), AS� projfF (x0) ~ x0 * F U, Bregman w0�� 6-� 2.5, �+ F ~ E ,H��y\n�)O�C0, C1, Q0 (o Q1 ~�y,�uV Ck 
 Qk(k ≥ 1) ~�y,�E7 Ck ∩ Qk ~�yn�<2' z ∈ Ck+1, y ∈ Qk+1, �37
Df (z, yk+1) ≤ Df(z, xk+1)

⇐⇒ 〈∇f(xk+1), z − xk+1〉 − 〈∇f(yk+1), z − yk+1〉 ≤ f(yk+1) − f(xk+1)

⇐⇒ 〈∇f(xk+1) −∇f(yk+1), z − yk+1〉 ≤ f(yk+1) − f(xk+1) − 〈∇f(xk+1), yk+1 − xk+1〉

⇐⇒ 〈∇f(xk+1) −∇f(yk+1), z − yk+1〉 ≤ Df(yk+1, xk+1),!> 〈∇f(x0)−∇f(xk), y − xk〉 ≤ 0, p� Ck+1 < Qk+1 ~�y,�Y�<L* n ≥ 0, Cn 

Qn 
~�yn�LH p ∈ F , 7

Df (p, yn) = Df(p,∇f∗(αn∇f(xn) + (1 − αn)∇f(zn)))
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≤ αnDf (p, xn) + (1 − αn)Df (p,∇f∗(βn∇f(Tn(xn)) + (1 − βn)∇f(xn)))

≤ αnDf (p, xn) + (1 − αn)[(1 − βn)Df (p, xn) + βnDf (p, Tnxn)]

≤ αnDf (p, xn) + (1 − αn)[(1 − βn)Df (p, xn) + βnDf (p, xn)]

= Df(p, xn),E7 p ∈ Cn, �><L* n ≥ 0, F ⊂ Cn.4^:�M5� F ⊂ Qn, ∀n ≥ 0. )O� F ⊂ Q0 = C. uV F ⊂ Qk <: k ≥ 0. 6
xk+1 = projfCk∩Qk

(x0), �37
〈∇f(x0) −∇f(xk+1), xk+1 − p〉 ≥ 0, ∀p ∈ F ⊂ Ck ∩ Qk,p� p ∈ Qk+1. , � F ⊂ Cn ∩ Qn. :℄<L* n ≥ 0, Cn ∩ Qn ~H��yn�Y {xn} ℄7*+,��4�3M5 {xn} ~ Cauchy �)�6:<L* z ∈ Qn, 〈∇f(x0) −∇f(xn), z − xn〉 ≤ 0. !> xn = projfQn

(x0). Y�<L*, p ∈ F 7
Df(xn, x0) ≤ Df (p, x0).�6 xn+1 = projfCn∩Qn

(x0) ∈ Qn, �+
Df (xn, x0) ≤ Df (xn+1, x0).n( {Df(xn, x0)}7�0Ff)��> {xn}, {yn}
 {zn};~7�,�:℄ lim

n→∞
Df(xn, x0)"A�<L* m > n, 6 xm ∈ Qm−1 ⊂ Qn 
-� 2.7, 7

Df (xm, xn) ≤ Df (xm, x0) − Df (xn, x0).AU\S�, m, n → ∞, E7 lim
n→∞

Df (xm, xn) = 0. 6 f A E ,7�\nU,`sy�(o-� 2.1, E7 lim
n→∞

‖xm − xn‖ = 0. n( {xn} ~' Cauchy �)��G, xn → ω̄ ∈ C.	A�3M5 ω̄ ∈ F. , f A E ,7�\nU~'Q Fréchet �|,�6-� 2.1, �O
∇f A E ,7�\nU~Df*Df,'Q!��, 

lim
n→∞

‖∇f(xn+1) −∇f(xn)‖ = 0.6: xn+1 ∈ Cn, E7
Df(xn+1, yn) ≤ Df (xn+1, xn),�'��7 lim

n→∞
Df (xn+1, yn) = 0. :℄7 lim

n→∞
‖xn+1 − yn‖ = 0 E

lim
n→∞

‖∇f(xn+1) −∇f(yn)‖ = 0.6T~�.\ ‖xn − yn‖ ≤ ‖xn − xn+1‖ + ‖xn+1 − yn‖, ‖xn − yn‖ → 0 E yn → ω̄ ' n → ∞.6:
‖∇f(xn+1) −∇f(yn)‖

= ‖∇f(xn+1) − (αn∇f(xn) + (1 − αn)∇f(zn))‖

≥ −αn‖∇f(xn+1) −∇f(xn)‖ + (1 − αn)βn‖∇f(xn+1) −∇f(Tnxn)‖

− (1 − αn)(1 − βn)‖∇f(xn+1) −∇f(xn)‖.
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(1 − αn)βn‖∇f(xn+1) −∇f(Tnxn)‖

≤ ‖∇f(xn+1) −∇f(yn)‖ + αn‖∇f(xn+1) −∇f(xn)‖

+(1 − αn)(1 − βn)‖∇f(xn+1) −∇f(xn)‖.,~ lim inf
n→∞

(1 − αn)βn > 0, AU\S�, n → ∞, 7
lim

n→∞
‖∇f(xn+1) −∇f(Tnxn)‖ = 0,!>� lim

n→∞
‖xn+1 − Tnxn‖ = 0 E lim

n→∞
‖xn − Tnxn‖ = 0. , � ω̄ ∈ F̃ ({Tn}∞n=0). 6Y 2.2,

{Tn}∞n=0 ~'Q�,(o ω̄ ∈ F =
∞
⋂

n=0
F (Tn).dh��3M5 ω̄ = projfF (x0). , ω∗ = projfF (x0). 6 xn+1 = projf(Cn∩Qn)(x0), �+

Df (xn+1, x0) ≤ Df (ω∗, x0). 6-� 2.4, xn → ω∗ ' n → ∞. �6 ‖ω̄ − ω∗‖ ≤ ‖xn − ω̄‖ +

‖xn − ω∗‖, ω̄ = ω∗. Y��) {xn} 
 {yn} C`": projfF (x0).�4��3}WC'� Halpern �4$k�F�'�fbR Bregman 
<H�H2�,SU�91��M5Kk�,C`"��mz 3.2 V C ~Z℄B Banach �w E ,H��y\n� f : E → R ~ Legendre EA E ,7�nU~7�,�'Q Fréchet �|�`sy,� {Tn} ~ C * C ,'�fbR
Bregman 
<H�H2�[+ F =

∞
⋂

n=0
F (Tn) 6= ∅. V {xn} 
 {yn} 6N�k�W�


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
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

x0 ∈ C, Q0 = C,

zn = ∇f∗(βn∇f(x0) + (1 − βn)∇f(Tn(xn))),

yn = ∇f∗(αn∇f(zn) + (1 − αn)∇f(xn)),

Cn = {z ∈ Cn−1 ∩ Qn−1 : Df(z, yn) ≤ (1 − αnβn)Df (z, xn) + αnβnDf (z, x0)},

C0 = {z ∈ C : Df (z, y0) ≤ Df(z, x0)},

Qn = {z ∈ Cn−1 ∩ Qn−1 : 〈∇f(x0) −∇f(xn), z − xn〉 ≤ 0},

xn+1 = projf(Cn∩Qn)x0, ∀n ≥ 0,AS� {αn}, {βn} ⊂ [0, 1] [+ lim inf
n→∞

αn > 0 E lim
n→∞

βn = 0. E�) {xn} 
 {yn} C`":
projfF (x0), AS� projfF (x0) ~ x0 * F , Bregman w0�� �j6� 3.1 ,M5��M+ F ~H��yn�<L* n ≥ 0, Cn < Qn ~�ynE F ⊆ Cn ∩ Qn. Y�) {xn} ℄7*+,�,~ F ⊂ Qn <L* n ≥ 0, �j6� 3.1 ,M5��) {xn} ~ Cauchy �)� {xn}, {yn} 
 {zn} 
~7�,�E

lim
n→∞

Df(xn+1, xn) = 0, lim
n→∞

‖xn+1 − xn‖ = 0.V xn → ω̄ ∈ C.�4��3M5�) {xn} C`": ω̄ ∈ F =
∞
⋂

n=0
F (Tn). 6 f A E ,7�\nU,'Q

Fréchet �|�(o-� 2.1, ∇f A E ,7�\nU~Df*Df,'Q!�2��:℄7
lim

n→∞
‖∇f(xn+1) −∇f(xn)‖ = 0.



76 f � � � � � Vol.34AÆ-* xn+1 = projf(Cn∩Qn)(x0) ∈ Cn, �37
Df (xn+1, yn) ≤ (1 − αnβn)Df (xn+1, xn) + αnβnDf (xn+1, x0). fU\< lim

n→∞
βn = 0, , n → ∞, E

lim
n→∞

Df(xn+1, yn) = 0.!>� lim
n→∞

‖xn+1 − yn‖ = 0 (o
lim

n→∞
‖∇f(xn+1) −∇f(yn)‖ = 0.6T~�.\ ‖xn − yn‖ ≤ ‖xn − xn+1‖ + ‖xn+1 − yn‖, �+

lim
n→∞

‖xn − yn‖ = 0E yn → ω̄. ,~
‖∇f(xn+1) −∇f(yn)‖

= ‖∇f(xn+1) − (αn∇f(zn) + (1 − αn)∇f(xn))‖

≥ αn‖∇f(xn+1) −∇f(zn)‖ − (1 − αn)‖∇f(xn+1) −∇f(xn)‖

≥ αn(1 − βn)‖∇f(xn+1) −∇f(Tnxn)‖ − αnβn‖∇f(xn+1) −∇f(x0)‖

− (1 − αn)‖∇f(xn+1) −∇f(xn)‖.�>
αn(1 − βn)‖∇f(xn+1) −∇f(Tnxn)‖

≤ ‖∇f(xn+1) −∇f(yn)‖ + αnβn‖∇f(xn+1) −∇f(x0)‖ + (1 − αn)‖∇f(xn+1) −∇f(xn)‖.6: lim inf
n→∞

αn > 0 
 lim
n→∞

βn = 0, <U\Hm��+
lim

n→∞
‖∇f(xn+1) −∇f(Tnxn)‖ = 0.

f A E ,7�\nU,'Q Fréchet �|�<-� 2.1 �5 ∇f 
 ∇f∗ A E ,7�\nU~Df*Df,'Q!�bf�n(
lim

n→∞
‖xn+1 − Tnxn‖ = 0.6 ‖xn − Tnxn‖ ≤ ‖xn − xn+1‖ + ‖xn+1 − Tnxn‖, �3+* lim

n→∞
‖xn − Tnxn‖ = 0. 9,~

xn → ω̄ (o {Tn}∞n=0 ~'Q�,� ω̄ ∈ F =
∞
⋂

n=0
F (Tn). ;�,M5�j6� 3.1, Y�)

{xn} 
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x0 ∈ C, Q0 = C,

yn = ∇f∗(βn∇f(x0) + (1 − βn)∇f(Tnxn)),

Cn = {z ∈ Cn−1 ∩ Qn−1 : Df (z, yn) ≤ (1 − βn)Df (z, xn) + βnDf(z, x0)},

C0 = {z ∈ C : Df(z, y0) ≤ Df (z, x0)},

Qn = {z ∈ Cn−1 ∩ Qn−1 : 〈∇f(x0) −∇f(xn), z − xn〉 ≤ 0},

xn+1 = projfCn∩Qn
x0, ∀n ≥ 0,AS� {βn} ⊂ [0, 1] 0a lim

n→∞
βn = 0. E�) {xn} < {yn} C`": projfF (x0), AS�
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x0 ∈ C, Q0 = C,
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Cn = {z ∈ Cn−1 ∩ Qn−1 : Df (z, yn) ≤ (1 − βn)Df (z, xn) + βnDf(z, x0)},

C0 = {z ∈ C : Df(z, y0) ≤ Df (z, x0)},

Qn = {z ∈ Cn−1 ∩ Qn−1 : 〈∇f(x0) −∇f(xn), z − xn〉 ≤ 0},

xn+1 = projfCn∩Qn
x0, ∀n ≥ 0,AS� {βn} ⊂ [0, 1] [+ lim

n→∞
βn = 0. E�) {xn} 
 {yn} C`": projf
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xn+1 = projfCn∩Qn
x0, ∀n ≥ 0,AS� {αn}, {βn} ⊂ [0, 1] [+ lim inf

n→∞
αn > 0 
 lim
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βn = 0. E�) {xn} < {yn} C`":
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F (T )(x0), AS projf

F (T )(x0) ~ x0 * F (T ) , Bregman w0�� M5�j6� 3.2, YA Y.M5�
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Convergence Analysis for Countable Family of Weak Bregman

Relatively Nonexpansive Mappings

1Chen Jiawei 2Wan Zhongping 3Cho Yeol Je
(1School of Mathematics and Statistics, Southwest University, Chongqing 400715;

2School of Mathematics and Statistics, Wuhan University, Wuhan 430072;
3Department of Mathematics Education and the RINS, Gyeongsang National University,

Chinju 660-701, Korea)

Abstract: A notion of countable family of weak Bregman relatively nonexpansive mappings

is introduced in reflexive Banach space. We construct two iterative algorithms for finding a

common fixed point of a countable family of weak Bregman relatively nonexpansive mappings

in Banach spaces. Finally, the strong convergence of the proposed algorithms are also proved

under appropriate conditions.

Key words: Strong convergence theorem; Bregman distance; Bregman projection; (weak)

Bregman relatively nonexpansive map.
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