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Abstract This paper is devoted to the semicontinuity of solutions of a parametric general-
ized Minty vector quasivariational inequality problem with set-valued mappings [(in short
(PGMVQVD)] in Hausdorff topological vector spaces, when the mapping and the constraint
sets are perturbed by different parameters. The upper (lower) semicontinuity and closed-
ness of the solution set mapping for (PGMVQVI) are established under some appropriate
assumptions. The sufficient and necessary conditions of the Hausdorff lower semicontinuity
and Hausdorff continuity of the solution set mapping for (PGMVQVI) are also derived with-
out monotonicity. As an application, we discuss the upper semicontinuity for the solution set
mapping of a special case of the (PGMVQVI).

Keywords Lower (upper) semicontinuity - Closedness - Hausdorff continuity - Nonlinear
scalarization function - Gap function - Parametric generalized Minty vector quasivariational
inequality
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1 Introduction

Vector variational inequality problems [in short (VVI)] were firstly introduced by Giannessi
(1980) in finite-dimensional spaces. Since then, extensive study of (VVI) has been done in
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112 J.-W. Chen, Z. Wan

finite and infinite spaces (see Giannessi 1998, 2000; Facchinei and Pang 2003; Chen et al.
2000, 2005a,b; Yang and Yao 2002; Chen and Wan 2011 and the references therein). (VVI)
has been proved to be a very powerful tool of the current mathematical technology, which
has been widely applied to transportation, finance and economics, mathematical physics,
engineering sciences and so forth. In many situations, we always want to know the behavior
of solution sets of VVIin practical problems when the problems’ data vary. The stability of the
solution set mappings for vector variational inequality and optimization with perturbed data
is of great importance in variational inequalities and optimization theory. Several variants
of stability, such as semicontinuity, continuity, Holder continuity, Lipschitz continuity and
some kinds of differentiability of the solution set mapping, have been studied for variational
inequalities and equilibrium problems (see Zhong and Huang 2010; Li and Chen 2009;
Barbagallo and Cojocaru 2009; Yen 1995; Huang et al. 2006; Chen et al. 2011, 2012a, 2013;
Wong 2010 and the references therein).

Barbagallo and Cojocaru (2009) considered a class of scalar-type pseudo-monotone para-
metric variational inequalities in Banach space and showed that problems admitted con-
tinuous solutions with respect to the parameter. Khanh and Luu (2007) studied a class of
Stampacchia type parametric multivalued quasivariational inequalities and obtained the semi-
continuity of the solution sets and approximate solution sets. Recently, Zhong and Huang
(2011a) studied the solution stability of parametric weak vector variational inequalities in
reflexive Banach spaces. They obtained the lower semicontinuity of the solution mapping for
the parametric weak vector variational inequalities with strictly C-pseudomapping, and also
proved the lower semicontinuity of the solution mapping by degree-theoretic method. Aussel
and Cotrina (2011) discussed the continuity properties of the strict and star solution mapping
of a scalar quasivariational inequality in Banach spaces. Zhao (1997) established a sufficient
and necessary condition (H1) for the Hausdorff lower semicontinuity of the solution mapping
to parametric optimization problems. Under weaker assumptions, Kien (2005) also obtained
the sufficient and necessary condition (H1) for the Hausdorff lower semicontinuity of the
solution mapping to the problem of Zhao (1997). Using a condition (Hg) similar to that given
in Zhao (1997), Li and Chen (2009) proved that (Hg) is also sufficient for the Hausdorff
lower semicontinuity of the solution mapping to a class of weak vector variational inequality.
Very recently, Chen et al. (2010) further extended the main results of Li and Chen (2009)
to the parametric weak vector quasivariational inequality of Stampacchia type in Hausdorff
topological vector spaces. Zhong and Huang (2011b) gave a key assumption (Hg)" similar
to (Hg) of Li and Chen (2009) and further proved a sufficient and necessary condition (Hg)’
for the Hausdorff lower semicontinuity and Hausdorff continuity of the solution mapping
to parametric weak vector variational inequalities of Stampacchia type in reflexive Banach
spaces.

On the other hand, Minty variational inequality has been shown to characterize some
kinds of equilibrium more qualified than Stampacchia variational inequalities (see Giannessi
1998; Zhong and Huang 2010; Chen et al. 2012b and the references therein). Lalitha and
Bhatia (2011) stated the importance of the solution stability for parametric quasivariational
inequalities of the Minty type, presented various sufficient conditions for the upper and
lower semicontinuity of solution sets as well as the approximate solution sets to a parametric
scalar quasivariational inequality of the Minty type in finite-dimensional Euclidean spaces.
To the best of our knowledge, these problems have received few attentions so far in infinite
dimensions such as Banach spaces and Hausdorff topological vector spaces.

Inspired and motivated by the researches going on in this direction, we investigate the semi-
continuity of solutions for a parametric generalized Minty vector quasivariational inequalities
problem with set-valued mappings [in short (PGMVQVI)] in Hausdorff topological vector
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Semicontinuity for PMVQVI 113

spaces, when the mapping and the constraint sets are perturbed by different parameters.
Under some suitable assumptions, we establish the Berge and Hausdorff upper semicontinu-
ity, Berge lower semicontinuity and closedness of the solution set mapping for (PGMVQVI).
A parametric gap function is also introduced for (PGMVQVI) in Hausdorff topological vec-
tor spaces. By virtue of the parametric gap function, sufficient and necessary conditions of
the Hausdorff lower semicontinuity and Hausdorff continuity of the solution set mapping for
(PGMVQV]I) are derived without monotonicity. As an application, we discuss the Berge and
Hausdorff upper semicontinuity for a special case of (PGMVQVI). Moreover, examples are
also provided for analyzing and illustrating the obtained results. The results presented in this
paper develop, extend and improve some of the main results of Lalitha and Bhatia (2011).

2 Preliminaries

Throughout this paper, let M and A (the spaces of parameters) be two Hausdorff topological
spaces, and X and Y be two locally convex Hausdorff topological vector spaces with the
topological dual spaces X * and Y*, respectively. Let L(X, Y) be the set of all linear continuous
operators from X to Y, the value of a linear operator t € L(X,Y) at x € X is denoted by
(t,x),and let C : X — 2¥ be a set-valued mapping such that C(x) is a proper closed convex
cone for all x € X with intC(x) # (. We always assume that (-, -) is continuous, 2% denotes
the family of all nonempty subsets of X.

We consider the following generalized Minty vector quasivariational inequality
(GMVQVD): find x € K(x) such that

(t,y —x) ¢ —intC(x), Vy e K(x), t € T(y),

where T : X — 211 and K : X — 2% are two set-valued mappings.
If the mappings K and T are perturbed by parameters u € /\ and A € M, respectively,
then, for any given (i, A) € A\ x M, we define the PGMVQVTI: find x € K (x, n) such that

(t,y —x) & —intC(x), Vye K(x,u), t € T(y, 1)), (1)

where K : X x A — 2¥and T : X x M — 2P are two set-valued mappings.
If A\ =M,X =Y, is anonempty closed subset of R"” and A is a nonempty closed and
convex subset of ¥, where ¥ = R"™, K : Y x N — 2Y and T : A XY — 2Y are two
set-valued mappings, C(x) = R’} forall x € X, set K(x, u) = K(x, n) N A, then (1) is
reduced to the following parametric Minty quasivariational inequality corresponding to a

parameter 4 € A\:find x € K (x, ) N A such that
(t,x =) =0, VyeK,w), teT(,w), ©)

which has been studied by Lalitha and Bhatia (2011).
For each (u, 1) € A xM,let E(u) = {x € X : x € K(x, )}, and denote the solutions
set of (1) by S(u, A) corresponding to the parameters (i, 1), i.e.,

S(u, M) ={x e E(n) :(t,y—x) ¢ —intC(x), Vye K(x,un),t € T(y,\)}.

We call the set-valued mapping S : A xM — 2% as the solution mapping of (1). In the
following, we always assume that S(u, A) # @ for all (u, A) € A\ xM.

Our main concern is to study the semicontinuity of the solution mapping S(u, 1), specif-
ically, the Berge and Hausdorff lower semicontinuity, and Berge and Hausdorff upper semi-
continuity of S(u, 1) in Hausdorff topological vector spaces.
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114 J.-W. Chen, Z. Wan

We first recall some definitions and basic results in the literature.

Definition 2.1 Chen et al. (2005a,b) The nonlinear scalarization function &, : X x ¥ — R
is defined by

E(x,y)=inf{ze R:yeze(x) —C(x)}, V(x,y)e X xY,
where e : X — Y is vector-valued and e(x) € intC(x) for all x € X.

Example 2.2 Chen et al. (2010) If Y = R",e(x) = e, and C(x) = R} for any x € X,
wheree = (1,1,..., DT € intR’} , then the function &, (x, y) = max;<;<,{y;}is a nonlinear
scalarization function for all x € X,y = (y1, y2, ..., y,,)T eY.

By Chen et al. (2005a, Theorem 2.1), Chen et al. (2010, Propositions 2.2 and 2.3), and Zhong
and Huang (2011b, Lemma 2.3), the nonlinear scalarization function &, (-, -) has the following
properties.

Proposition 2.3 Let e : X — Y be a continuous selection from the set-valued map intC ().
For any givenx € X,y € Y and r € R, the following results hold:

(1) If the mappings C(-) and Y \ intC(-) are B-u.s.c on X, then &,(-, -) is continuous on
X xY;
(ii) The mapping &,(x,-) : Y — R is convex;
(i) & (x,y) <r &y ere(x) —intC(x);
(iv) &(x,y) =7 & y ¢ re(x) — intC(x);
V) &.(x,re(x)) =r, especially, &, (x, 0) = 0.

Proposition 2.4 Chenetal. (2005a) Let X and Y be two locally convex Hausdorf{ftopological
vector spaces; let C : X — 2V be a set-valued mapping such that, for each x € X, C(x) is
a proper, closed, convex cone in Y with intC(x) # 0, and let e : X — Y be a continuous
selection from the set-valued map intC (-). Define a set-valued mapping V : X — 2¥ by
V(x) =Y \ intC(x) for x € X. Then, it holds that

(1) if V() is B-u.s.c on X, then &,(-, -) is upper semicontinuous on X x Y;
(ii) if C(-) is B-u.s.c on X, then &,(-, -) is lower semicontinuous on X x Y.

Definition 2.5 Aubin and Ekeland (1984) Let I" be a Hausdorff topological space, and X be
a locally convex Hausdorff topological vector space. A set-valued mapping F : I' — 2% is
said to be

(1) Upper semicontinuous in the sense of Berge (B-u.s.c) at yp € I' iff, for each open set
V with F(yy) C V, there exists § > 0 such that

F(y)cV, Vy e B,9);

(ii) Lower semicontinuous in the sense of Berge (B-1.s.c) at yo € T iff, for each open set V
with F(y) NV #£ @, there exists § > 0 such that

F(y)NV #0, Vy € B(yo.0):

(iii) Upper semicontinuous in the sense of Hausdorff (H-u.s.c) at yo € I iff, foreach e > 0,
there exists § > 0 such that

F(y) CU(F(y0).€), Yy € B(yo,9);
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Semicontinuity for PMVQVI 115

(iv) Lower semicontinuous in the sense of Hausdorff (H-1.s.c) at yg € T iff, for each € > 0,
there exists § > 0 such that

F(p) CU(F(y).€), Yy € B(y.90);

(v) Closed ift, the graph of F is closed, i.e., the set G(F) = {(y,x) e ' x X : x € F(y)}
isclosedinI" x X.

In B(yo, 8), yo is the center and § is the radius of ball in I". We say F' is H-l.s.c (resp.
H-u.s.c, B-l.s.c, B-u.s.c) on I' iff it is H-1.s.c (resp. H-u.s.c, B-L.s.c, B-u.s.c)ateachy e I'. F
is called continuous (resp. H-continuous) on I' iff it is both B-l.s.c (resp. H-l.s.c) and B-u.s.c
(resp. H-u.s.c)on I'.

Definition 2.6 Berge (1963) A set B C X is said to be balanced if pB C B foreach p € R
with |[p| < 1.

Lemma 2.7 Aubin and Ekeland (1984)

(1) FisB-Ls.catyy € I ifand only if, for any net {yy} € T" with y, — yo and xo € F (yp),
there exists a net {xq} € X with x, € F(yy) for all «, such that x4 — xg.
(ii) If F is compact-valued, then F is B-u.s.c at yog € U if and only if, for any net {yy} C T
with yq — yo and for any net {x,} S X with x, € F(yy) for all «, there exist
X0 € F(yo) and a subnet {xg} of {xy} such that xg — xo.
(i) If F is B-u.s.c and closed-valued, then F is closed. Conversely, if F is closed and X is
compact, then F is B-u.s.c.

Lemma 2.8 Bank et al. (1982) Let I be a Hausdorff topological space, and X a locally
convex Hausdorff topological vector space, and let F : T — 2% be a set-valued mapping
and yy € T be a given point.

(1) If F is B-u.s.c at yy, then F is H-u.s.c at yy. Conversely, if F is H-u.s.c at yo and F (yp)
is compact, then F is B-u.s.c at yy.

(ii) If F is H-l.s.c at yg, then F is B-1.s.c at yo. Conversely, if F is B-1.s.c at yo and cl(F (yp))
is compact, then F is H-1.s.c at yy.

Lemma 2.9 Berge (1963) For each neighborhood U of Ox, there exists a balanced open
neighborhood O of 0x such that O + (O + O C U.

3 Upper semicontinuity

In this section, we shall study the Berge (Hausdorff) upper semicontinuity of the solution
mapping S(u, 1) for the (PGMVQVI) corresponding to a pair of parameters (i, A).

Theorem 3.1 Assume that the following conditions are satisfied:

(i) E(-) is B-u.s.c with compact values on |\;
(i) K(,-)isB-lLs.con X x \;
(iii) T'(-,-) is B-Ls.c with compact values on X x M;
@iv) W() =Y \ —intC () is closed on X. Then the solution mapping S(-, -) is H-u.s.c and
closed on \ xM.
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Proof Suppose to the contrary that there exists (w1, A0) € /\ XM such that S(-, -) is not
B-u.s.c at (up, o). Then there exists an open set V satisfying S(uo, 2o) C V, and net
{(a> 2o)} and x4 € S(ty, Ag) such that (py, Ag) — (K0, o) and x, ¢ V for all «. Since
Xo € S(a, ry), then x4 € E(fty). By assumption (i), E(-) is B-u.s.c with compact values
at po. Then there exists xo € E(uo) such that x, — x¢ (here we may take a subnet {xg} of
{xq} if necessary).

Suppose that xg € S(uo, Lo), i.e., there exists y; € K (xg, io), for each 11 € T (y1, Ag)
or, for each y € K (xo, io), there exists r € T(y, Ag) such that

(t1, y1 — x0) € —intC(xo) (3)
or,
(t,y — x0) € —intC (xp). ()
Taking into account x, € S(/4y, Lq) that
(tas 2o — Xo) & —INtC(xe), VZg € K(Xa, o), Ta € T(Zas ha)-

Since K (-, -) is B-Ls.c at (xo, 1t0), for any net {(xy, i)} C X x A with (xg, o) = (X0, H0)
and any zo € K (xo, (o), there exists z, € K(xq, (o) such that z, — zo. Again from (iii),
T (-, ) is B-l.s.c with compact values at (zg, Ag). For any net {(zy, Aq)} € X x M with
(Za» o) = (20, Ao) and any ty € T (zo, Ao), there exists t, € T (z4, o) such that t, — to.
Therefore, (ty, Zo — Xa) = {(to, 20 — X0). By (iv), one has

(to, zo — x0) € Y \ —intC (xp),
that is,
(to, zo — x0) & —intC(xp), Vzo € K(x0, o), to € T (20, o),

which contradicts (3) and (4). This implies that xo € S(uo, A0) C V, which leads to a
contradiction. Since xo, € V, Vo, x, — xo and V is open. Thus, S(-, -) is B-u.s.c at each
(t0, 20) € A\ xM.ByLemma 2.8, we know that S(-, -) is H-u.s.c ateach (uo, Ao) € A\ xM.

On the other hand, we show that S(-, -) is closed at each (10, A0) € A XM. Taking
Xo € S(Uo, Ag) With (g, Ay) — (10, o) and x, — xo. Then, x, € E(1y). Together with
(i), this yields that xo € E(140). By the same proof as above, we have xg € S(uo, Ag), which
implies that S(-, -) is closed on A\ xM. ]

Remark 3.2 From the proof of Theorem 3.1, we know that, if all conditions of Theorem 3.1
are satisfied, then the solution mapping S(-, -) is B-u.s.con A\ xM.

Remark 3.3 Chen et al. (2010) Since the set-valued mapping E : A\ — 2% is related with
the mapping K : X x A\ — 2%,if K is B-u.s.c with closed values and X is a compact space,
then the mapping E is B-u.s.c.

From Theorem 3.1, we can conclude the following corollary:

Corollary 3.4 Let (10, Mo) € /\ XM be a given point. If E (j10) is a compact set, K (-, -) is B-
Ls.con X x{uo}, T (-, -) is B-l.s.c with compact values on X x {Ao}, and W(-) = Y\ —intC(-)
is closed on X, then S(io, Ao) is a compact set.

Theorem 3.5 Let (110, 2o) € /\ XM be a given point. Assume that the following conditions
are satisfied:
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Semicontinuity for PMVQVI 117

(i) E() is B-u.s.c with compact values on )\.
(ii) Forany xo € K (x0, 40)s (Xa, has Aa) = (X0, po, A0) and

(to, yo — x0) € —intC (xo) 5)
for some yy € K (xq, o) and ty € T (yo, o) implies that there exists « such that
(tas Yo — Xq) € —intC (xg) (6)

for some yo € K (x4, bo) and ty, € T (Yo, Aa). Then the solution mapping S(-, -) is H-u.s.c
at (Lo, Ao)-

Proof Suppose to the contrary that the solution mapping S(-, -) is not B-u.s.c at (g, Ao).
Then there exists an open set V such that S(uo, A9) C V, and net {(¢q, Ao)} € A\ XM and
Xq € S(Ug, Ag) suchthat (g, Ay) = (o, 2o) and x4 & V, Va. Since x4 € E(ug) and E(+)
is B-u.s.c with compact values at ¢, there is an xg € E (i) suchthatx, — xg € E(uo)\ V.
Hence, xg € K (xo, o) and (xq, o> Ao) = (X0, 1o, Ao). By virtue of x4, € S(tho, Ae), WE
get

(ta, Yo — Xo) € —IntC(xg), Vya € K(xqg, o), ta € T (Yo, Aa)-

By (ii), we have

(to, yo — xo) & —intC(xg), Yyo € K(x0, o), to € T (yo, Xo),

i.e., xo0 € S(uo, Ao), which contradicts that xo € E(up) \ V. Thus, the solution mapping
S(-,-) is B-u.s.c at (o, Ag). By Lemma 2.8, S(-, -) is H-u.s.c at (1o, A0)- O

Remark 3.6 From the proof of Theorem 3.5, we know that, if the conditions (i) and (ii) of
Theorem 3.5 hold, then the solution mapping S(-, -) is also B-u.s.con A\ xM.

Remark 3.7 Itis easy to see that the conditions (ii)—(iv) of Theorem 3.1 implies the condition
(ii) of Theorem 3.5. Indeed, the condition (ii) of Theorem 3.5 is a very mild condition, which
means that, if, for some yg € K (xg, to), to € T (yo, A0), the inequality (5) is satisfied, then
the similar inequality (6) must be preserved for some y, € KXo, Ua)ste € T (Vas Ae)
corresponding to some net (X, (o, Ay) With (Xo, les 2o) — (X0, L0, o). However, if
S(-, -) is B-u.s.c and H-u.s.c at (io, A0), the condition (ii) of Theorem 3.5 does not imply the
conditions (ii)—(iv) of Theorem 3.1.

Example 3.8 Let A\ = M = (—=1,1), X =Y = R, and C(x) = Ry forall x € X. Define
the set-valued mappings K : X x A — 2¥and T : X x M — 2" by

{21, if x=0,
Tx,4) = [{3}, if x #£0,
and
_ {0, 1}, if x=0,
Koo = [{x eX:yx el |ull). if x#0.

Then, forevery u € A, E() = [0, |1|]]U{1}. So, E(-) isB-u.s.con A .For (0, 20) = (0, 0),
Theorem 3.5(ii) is satisfied. After computation, S(u, 1) = {0} forall (1, ) € A x M. Thus,
S(-,-) is B-u.s.c at (g, Ag). But the mappings K and T are not B-u.s.c at (0, 0).
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4 Lower semicontinuity
In this section, we study the Berge and Hausdorff lower semicontinuity of the solution
mapping S(u, A) for the (PGMVQVI) corresponding to a pair of parameters (i, A).

Theorem 4.1 For any given (1o, ho) € \ XM, if the following conditions are satisfied:

(i) E(-)is B-Ls.con \.
(ii) Forany xg € K (xo, j10), (Xa» fas Aa) —> (X0, o, Ao) and

(t,y —x0) € —intC(xo), Vy € K(xo, o), t € T(y, 20) (7
implies that there exists « such that
(ta, Yo — Xq) & —intC(xy), VYo € K(Xa, Ha)s ta € T (Yas A)- (®)

Then the solution mapping S(-, -) is B-L.s.c at (g, o).

Proof Suppose to the contrary that the solution mapping S(-, -) is not B-l.s.c at (g, Ao)-
Then there exist (g, Ao) € A\ XM with (ug, Ao) = (10, 2o) and xo € E (o) such that
for every sequence xy € S(iq, Aa), Xq 7 Xo. Since E(-) is B-l.s.c at o, pte — (o and
xo0 € E(uo), there exists X, € E(uy) such that X, — xg.

Without loss of generality, taking into account the contradiction assumption, set X, &
S, Ao). Then, for some y, € K (X, pie) and iy € T (Yo, Aoo),

(ty, Yo — Xo) € —intC (Xy). )
Due to xg € S(uo, 1o), it implies that
(to, yo — x0) & —intC(xp), Vyo € K(xo, i0), to € T (yo, *o). (10)

In view of (Xg, o Aa) — (X0, o, o) and from (ii), there exists « such that
(ta, Ya _)Eoz> ¢ _intc(ia), V))ot € K(ia, ll«a), Iy € T(you )"Ot)a
which contradicts (9). ]

Remark 4.2 The condition (ii) of Theorem 4.1 is a very weak condition, which can be
explained that, if the inequality (7) is satisfied for all y € K (xg, no),t € T(y, Ao), then
the similar inequality (8) must be preserved for all y, € K (x4, Uo), e € T (Yo, ) coOITE-
sponding to some net {(Xy, fo, Ax)} With (xq, e, Ao) = (X0, 0, X0)-

Now we give an example to show that the condition (ii) in Theorem 4.1 is indispensable.

Example 4.3 Let A\ = M = (-1,1),X = R, Y = R2, (119, 20) = (0,0) € N\ xM
and C(x) = Ri for all x € X. Define the set-valued mappings K : X x A — 2% and
T:XxM—2Yby

(LT ey Le[—|Al A +1]}, if x <1,

T(x’“:[{(l,lﬂz)TeY}, if x> 1,

and

{xeX:xell,2x—1]}, if x>1,
Kx,uw)=q1{xeX:xelx, 1+unll}, if0=<x<l,

{0}, if x <0.
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After computation, S(uo, Lo) = (—00,0] U {1} and S(u, A) = {1} for all (u, 2) € A xM
and (@, 1) # (1o, 20), E(u) = R forall u € A. Therefore, E(-) is B-l.s.con A and S(-, -)
isnot B-l.s.c at (ig, Ao). Itis easy to check that Theorem 4.1(ii) is not satisfied. In fact, taking
Gons s An) = (1+ 2 10y 5 e N Then, (v, s, An) — (1,0,0) as n — oo and

(t,y — x0) ¢ —intR%, Vy e K(1,0), 1 € T(y,0).

However, there exist y, € K (x,, u,) and t,, = (1,1 4 n%) € T(1, A,,) such that

11 .,
(tnayn_xn)z ——,— 1+ —= E—lntR+, Vn e N.

n n I’l2

If the conditions in Theorem 4.1 are strengthened, then we can get the Hausdorff lower
semicontinuity of the solution mapping S(-, -).

Theorem 4.4 For any given (o, Ao) € /\ XM, if the following conditions are satisfied:

(i) E(-) is B-l.s.c with compact values on ).
(ii) Forany xo € K(x0, 1£0), (Xas Has ra) = (X0, Lo, o) and

(t,y = xo) ¢ —intC(xo), Vy € K(xo, o), t € T(y, ro)
implies that there exists a such that
(ta, Yo — Xa) & —intC(xy), VYo € K(Xa, Ha)s o € T (Yars Ar)-

Then the solution mapping S(-, -) is H-L.s.c at (g, Ao)-

Proof By Theorem 4.1, we know that the solution mapping S(-, -) is B-L.s.c at (g, Ao)-
Taking into account Lemma 2.7 and condition (i) that S(uo, Ag) is compact. It follows from
Lemma 2.8 that S(-, -) is H-Ls.c at (o, Xo)- ]

By the nonlinear scalarization function &,, we introduce the following so-called “gap”
function. Suppose that K (x, w) is a compact set for each (x, u) € X x A, T(x, A) is also a
compact set for each (x, 1) € X x M, V(-) =: Y \intC(-) and C(-) are B-u.s.c on X. Define
afunction g : A xM x X — R by

g, A, x)=: min Eolx, (t,y —x)), Vx € E(n). (11)
teT (y.0),yeK (x, )
Since K (x, n) and T (x, A) are compact sets and &, (-, -) is continuous, then g(u, A, x) is
well defined. We shall use the function g(u, A, x) to establish the lower semicontinuity of
the solution mapping of (PGMVQVI). Firstly, we study the properties of the function g(-, -, -),
and relations between g(-, -, -) and the solution mapping S(-, -).

Lemma4.5 (i) g(io, Ao, x0) = 0 if and only if xo € S(po, 20);
(i) g, 1, %) < 0 forall x € E(u) \ S, 1);
(iii) g(u, r,x) <O0forallx € E(n).

Proof (i) If g(uo, 1o, xo) = 0, then

&e(xo, (t,y —x0)) =0,
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(i)

(iii)

this shows that

Ee(xo, (t,y —x0)) =0, Vy € K(xo, o), 1 € T(y, ro)-
By Proposition 2.3, one has

(t,y —x0) € —intC(xp), Vy € K(xo, o), 1 € T(y, ro).

Therefore, xo € S(ro, Ao).
Conversely, if xo € S(uo, Ao), then

(tvy_'x0> ¢—intC(x0), Vy S K(XO,MO), te T(y5)‘0)
From Proposition 2.3, it follows that
e (x0, (f,y —x0)) 20, Vy € K(xo, no), t € T(y, ro)-

Moreover, we have

g(no, 2o, x0) = &e(x0, (t, y — x0)) = 0. (12)

min
teT (y,r0),y€K (xo0,10)

Again from Proposition 2.3, one has

g(1o, Ao, x0) < min_ & (xo, (t, xo — x0)) = 0. (13)
teT (x0, o)

As a consequence, from (12) and (13), we have g(uo, Ao, x0) = 0.
For any givenx € E(u),butx ¢ S(u, A), there exists y; € K (x, u) forallz € T (¥, 1)
or, for all y € K (x, ), there exists o € T (y, A) such that

(£, y1 — x) € —intC(x) (14)
or,
(to, y — x) € —intC(x). (15)
Taking into account Proposition 2.3 and from (14) and (15) that
Ee(x, (.31 —x)) <0, &(x, {to,y —x)) <0.
Then, for any x € E(n) \ S(u, A),

JALX) = min x,{t,y—x)) <O0.
g(u ) IeT(ygx),yeK(xmée( (t,y —x))

It directly follows from (i) and (ii). m}

Remark 4.6 If (i) and (iii) of Lemma 4.5 hold, then the function g is called a parametric
gap function for (PGMVQVI). Gap function is an important method for solving variational
inequalities and widely applied in optimization problems, equation problems and so on (see
Chen et al. 2000; Yang and Yao 2002; Li et al. 2006; Noor 2006 and the references therein).

Lemma 4.7 Let E (1) be nonempty for each . € ). Assume that the following conditions
are satisfied:

()
(i)
(iii)

K (-, -) is B-u.s.c with compact values on X x J\;
T (-, ) is B-u.s.c with compact values on X x M;
C(-) is B-u.s.con X, and e(-) € intC(-) is continuous on X.

Then, g(-, -, -) is a lower semicontinuous function.
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Proof By the assumptions and (11), g(u, A, x) is finite forany 4 € A, A € M and x €
E(w). Setl € R. Assume that net {(q, Ao, o)} C /\ XM x X such that (g, ra, Xo) =
(mo, Ao, x0) and

8(Kas ras Xa) <1, Vo

It follows that

min Ee(xa» (tou Ya — xa)) < l7 chl € E(N«a)~ (16)
€T (Yo ha), Yo €K (Xar, )

Since K is B-u.s.c with compact values at (xo, o), X0 € K (xo, to). By (16), there exist
Vo € K (x4, be) and Iy € K (Jy, Ay) such that
& (Xq, (t_av Va — X)) < 1.

By the upper semicontinuity of K at (xo, (o) and the compactness of K (xp, (t0), there exists
Yo € K(xo, jto) such that y, — yo (taking a subnet {yg} of {y,} if necessary). Similarly,
there exists typ € T (yo, o) such that z_ﬁ — ty. From Proposition 2.4, it follows that &, is
lower semicontinuous. Then, we can conclude

& (x0, (t0, yo — x0)) < limainfge(xav (ta, Yo — Xa)) < L.

Therefore, the level set {(u, A, x) : g(u, A, x) <[} is closed-valued for all/ € R and so, g
is lower semicontinuous on A xM x X. O

Lemma 4.8 Ler E(u) be nonempty for each € \. Assume that the following conditions
are satisfied:

(i) K(-,-) is B-continuous with compact values on X x \;
(ii) T(-,-) is B-continuous with compact values on X x M;
(i) C(-)and V(-) =Y \ intC(-) are B-u.s.c on X, and e(-) € intC(-) is continuous on X.

Then, g(-, -, -) is continuous.

Proof By Lemma4.7, we only need to prove that g is upper semicontinuous, i.e., —g is lower
semicontinuous.

It follows from (i) and (ii) that g(u, A, x) is finite forall u € A, A € M and x € E(u).
Taking ¢ € R. Assume that net {(tq, Ao, X¢)} C A XM X X such that (Lo, Ay, Xo) —>
(10, A0, x0) and

_g(/'Lou )\a» xa) <11, Va.
Therefore, one has

min Ee(Xa, {las Yo — Xa)) <L, VYxq € E(ua),
1o €T (Yasra)s Ya €K (X Jhar)

that is,

max —&e (X, (tas Yo — Xa)) S b, VXxg € E(la). (I7)
1o €T (Yasha), Yo €K (Xq s er)

Since K is B-u.s.c with compact values at (xg, (o), X0 € K (xg, (£o). From (17), it implies
that

—&e(Xa, (tas Ya — X)) <, Vya € K(xg, Ua)s o € T (YVas Aa)-
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By the Berge lower semicontinuity of K at (xg, i) and the compactness of K (xg, (o), for
any yo € K(xo, po), there exists y, € K(xy, iq) such that y, — yp (taking a subnet
{yg} of {ys} if necessary). Since T is B-l.s.c with compact values at (yo, Ao), then for any
to € T (Yo, Lo), there exists ty € T (Yo, o) such thattg — #. From Proposition 2.4 and (iii),
it follows that &, is upper semicontinuous. Thus, we have

_Se(x07 <ZO7 Yo — X()>) = hn}llnf _Se(xou (faa yoz - xa))

< lim sup _%‘e(xou (t_cu ya - xa)) <Lt
o
Then, the level set {(u, A, x) : —g(u, A, x) < (} is closed-valued for all : € R, and so,
—g is lower semicontinuous. Therefore, g is upper semicontinuous and so continuous on
A xM x X. o

Motivated by the hypothesis (Zhao 1997; Kien 2005, (H;); Li and Chen 2009; Chen et al.
2010, (Hg); Zhong and Huang 2011b, (Hg)'), using the parametric gap function g, we also
introduce the following assumption:

(Hg)” For any given (uo, o) € /\ xM. For any € > 0, there exist p > 0 and § > 0
such that, for any (u, A) € B((uo, Ao),d8) and x € A(u, A, €) = E(u) \U(S(u, 1), €), one
has g(u, A, x) < —p.

Remark 4.9 ltis easy to see that, if /\ is the same as M, and A is a metric space, C(x) = C
for all x € X, and u = A, then the hypothesis (Hg)” is reduced to the hypothesis (Hg)
(Zhong and Huang 2011b) in the sense of presentation form.

Remark 4.10 As pointed out in Zhao (1997), the above hypothesis (Hg)” is characterized
by a common theme used in mathematical analysis. Such a theme interprets a proposition
associated with a set in terms of other propositions related with the complement set. Instead
of looking for restrictions within the solution set, the hypothesis (Hg)” puts restrictions on
the behavior of the parametric gap function on the complement of solution set. As showed in
Chen et al. (2010), the hypothesis (Hg)” seems to be reasonable in establishing the Hausdorff
lower semicontinuity and Hausdorff continuity of S(-, -) (see Li and Chen 2009; Zhao 1997;
Chen et al. 2010; Zhong and Huang 2011b). But the hypothesis (Hg)” includes the solution
information S(u, 1) for all (i, A) in a neighborhood of (1, o), which may not be verified.
Inspired by Zhong and Huang (2011b), we give an equivalence formulation of (Hg)".

Lemma 4.11 Assume that all conditions in Lemma 4.8 are satisfied. Let ¢ > 0
and ¢e(it, X) = SUPyea(ua.e) 82, X). Then (Hg)" holds iff, for every e > 0,
lim sup(,, 5y (0. 20) Pe (s 1) < 0.

Proof The proof is similar to that of Zhong and Huang (2011b, Lemma 2.8), and so it is
omitted here. O

Theorem 4.12 Assume that the following conditions are satisfied:

(i) E(-) is B-Ls.c with compact values on |\;

(ii) K (-, ) is B-continuous with compact values on X x \;
(iii) T'(-, -) is B-continuous with compact values on X x M;
@iv) C(:) is B-u.s.con X, and e(-) € intC(-) is continuous on X;
v) W)=Y\ —intC(.) is closed on X.

Then the solution mapping S(-, -) is H-L.s.c on \ xM if and only if (Hg)" holds.
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Proof We first prove the sufficiency by the method of Chen et al. (2010). Assume that (Hg)”
holds. Suppose to the contrary that there exist some (©o, 20) € /\ XM such that the solution
mapping S is not H-l.s.c at (i, Ag). Then there exist a neighborhood By of Oy, and nets
{(Ua»r )} C N\ XM with (g, Ao) = (10, 20) and {xq} such that

Xo € S(1o, 20) \ (S(Ua» Aa) + Bo)- (18)

By Corollary 3.4, S(uo, Ao) is a compact set. Without loss of generality, assume that x, —
X0 € S(no, Ao). For By, there exists a balanced open neighborhood O (¢€) of Ox, where e > 0,
such that O(e) + O(e) + O(€) C By. It is easy to check that

(x0 +O(€)) N E(ro) #9, Ve >0.

Since E(-) is B-l.s.c at pg, there exist some 8; such that

(xo+ O NE(ug) #9¥, VB = pi.

For a given € € (0, 1]. Assume that yg € (xo + O(€)) N E(uug). We assert that yg &
S(ug, Ag) + O(e). Suppose to the contrary that yg € S(ug, Ag) + (O(e). Then there exists
zp € S(upg, Ag) such that yg — z5 € (O(€). Note that x, — xo € S(uo, Ao). Without loss of
generality, we may assume that xg — xo € (O(€), whenever B is sufficiently large. Therefore,
one has

xp —zp = (xg —x0) + (x0 — yg) + (¥ — 2p)
€ O(e) + O(e) + O(e) C Bo.

This yields that xg € S(ug, Ag)+ By, which contradicts (18). Thus, yg & S(ug, Ag)+O(e).
In the light of (Hg)”, there are two real numbers p > 0 and § > 0 such that, for any
(up, Ag) € B((o, 1o), 8), and yg & S(ug, Ag) + O(e€), one has

g(up. rp. yp) = —p- 19)
By Lemma 4.7, g is lower semicontinuous. So, for any ® > 0,
g(p. Ag, yg) = g(1o, 2o, yo) — ©. (20)
Without loss of generality, assume that ® < p. Then, from (19) and (20),
8(1o, 2o, yo) = © — p <0,
that is,

g(ro, Ao, yo) = &e(xo, {1,y —x0)) <O0.

min
1€T (yo,20),y€K (x0,10)
Hence, there exist yg € K (xg, no)andty € T (yo, o) such that
&.(x0, (to, yo — x0)) < 0.
From Proposition 2.3, it follows that
(to, yo — xo) € —intC(xo),

which contradicts that xg € S(uo, A0). Hence, S is H-l.s.con A\ xM.
Conversely, suppose to the contrary that S is H-1.s.c on A x M, but (Hg)” is not true. By
Lemmas 4.5 and 4.11, there exists €y > 0 such that

limsup  ¢e, (1, ) =0.
(1, 2)—= (o, 20)
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Then, there is a sequence {(@n, Ay)} With (1, Ay) = (o, Ao) as n — oo and

lim e, (n, An) = lim sup g(n, An, x) = 0.
n—oo n_)ooXEA(Mn,)\.n,GO)

Since A(n, Ay, €0) is a compact set,

nli)ngod)eo(ﬂna)\n) = lim max  g(in, An, x) = 0. 2D

n—>00 xeA(in,rn,€0)

Then, there is x, € A(in, An, €0) = E(n) \ U(S(n, An), €0), such that
¢€0(Mﬂ7 An) = g(lns An, Xn).
By Lemma 4.8, g is continuous on A xM x X. This together with (21) yields that
0= lim &y Any X)) = g(100, Ao, X0).
n—o0

By virtue of (i), we may assume that x,, — xo with xg € E(i0). Then xg € S(uo, Ao). Since
S is H-l.s.c on A\ xM, for any z € S(uo, Xo), there is a sequence {z,} with z, € S(in, An)
for all n such that z, — z asn — oo. In view of x,, € A(uy, Ay, €0), one has

llzn — xull > €o.
Moreover, we get

€0 < lim ||z, — x|l = llz — xoll,
n—oo
that is,
lz—xoll = €0 >0, Vze S(uo, ro)-
This together with xg € S(10, 20) shows that
0= |lxo — xoll > €0 > 0,

which is a contradiction. ]

Example 4.13 Let \ = (=3, %),M = (—=1,1), X = R,Y = R and let C(x) = R% and
e(x)=(1,DT e intR_%_ for all x € X. Define the set-valued mappings K : X x A\ — 2X
and T : X x M — 2¥ by, foranyx € X,u e Mand 1 € A,

T, A = {(LOT e[l 1422}, K(x,pu) = [% - M} .
Then, we have
Ew={xeX xeKw)=l-ul-pnl Yuel\.

Clearly, the conditions (i)—(v) of Theorem 4.12 are satisfied. By computation, we get
S, A) = {—p} forall (u, A) € A xM. So, S(-, -) is H-L.s.con A\ xM.
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Next, we verify the assumption (Hg)”. Since e(x) = (1, )T € intR? forall x € X, then,
from Example 2.2, for any (u, A) € A\ xM and x € E(w),

JALX) = min x,{t,y —x
80,20 2) VeK (x,u). €T (y,3) Se(x, {t,y = x))
= min max{y — x, £(y — x)}
yeK (x,0),t=(1,0)TeT (y,1)
= min max{y — x, £(y — x)}
yel5E 1—pl 1<t<14+22
X+

2
Clearly, g(o, Ao, xo) = 0 if and only if x9 € S(o, A0), and so

A e

2 = 2
Therefore, g(-, -, -) is a parametric gap function for (PGMVQVI).

For any given (i1, A) € A xM and0 < € < 1. Put p = % and 0 < 8 < p, we have, for
any (4, 2) € B((t, 1), ) and x € A(p, A, €) = E(u) \ U(S(u, 2), €) =€ —u, 1 — ul,
€E—ptp €

2 2

g, A, x) = — =0, VxeE(.

glu, A, x) < — < —p.

Hence, the assumption (Hg)” is valid.

Example 4.14 Let A\ =M = (—-1,1), X =R, Y = R?, and let Cx) = R_%_ forall x € X.
Define the set-valued mappings K : X x A — 2Xand T : X x M — 2" by

T(x, ) =:{(2, |A|)T}, Kx,pw=[-1,1,Yxe X, ueM,r e /\

It is easy to see that the conditions (i)—(v) of Theorem 4.12 are satisfied. From simple
computation, one has E(u) = [—1, 1], forall © € M, and so

=111, if a=0,
S(“’A)—[{—l}, if »#0.

Therefore, S(-, -) isnot H-1.s.c at (i, 0), where u € (—1, 1). Let us show that the assumption
(Hg)” fails to hold at (0, 0). Sete(x) = (1, DT e intRi. Then

g(/’La)"7x): ée(x9(t7y_x>)

min
YEK (x,p),teT (y,A)
mi?u max{2(y — x), [A|(y — x)}.

yel-1,

It is easy to see that g is a parametric gap function for (PGMVQVI). Since

g(u, A, x) <max{2(x —x), [A(x —x)} =0, Vx € E(u),

and g(u, A, x) = 0 for all x € S(u, A). Taking some € with 0 < € < 1. For any p > 0,
set (in, ) — (0,0) with 0 < [y] < 3pand x4 = 1 € AQn,dns€©) = E(un) \
U(S(n, An),€),n €N,

&y Ans Xn) = [Apl(=1 — xp) = =2|Ay| > —p.
Hence, the assumption (Hg)” fails to hold at (0, 0).
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IfC(x) = Cforall x € X and e € intC, then from Theorem 4.12, we obtain the following
corollary.

Corollary 4.15 Assume that the following conditions are satisfied:

(i) E(-) is B-Ls.c with compact values on \;
(ii) K (-, ) is B-continuous with compact values on X x \;
(iii) T (-, -) is B-continuous with compact values on X x M.Then the solution mapping S(-, -)
is H-L.s.con \ xM if and only if (Hg)" holds.

From Lemma 2.8 and Theorems 3.1 and 4.12, we can get the following result.
Corollary 4.16 Assume that the following conditions are satisfied:

(i) E(-) is B-continuous with compact values on \;

(i) K(-,-) is B-continuous with compact values on X x J\;
(i) T (-, -) is B-continuous with compact values on X x M;
@{iv) C(-) is B-u.s.con X, and e(-) € intC(-) is continuous on X;
) W)=Y\ —intC(:) is closed on X.

Then the solution mapping S(-,-) is B-continuous and H-continuous if and only if (Hg)"
holds.

Remark 4.17 The condition (ii) of Theorem 4.12 and Corollary 4.15 may not imply the Berge
lower semicontinuity of E(-).

Example 4.18 Let \ = [—1, 1]and X = R. Define a set-valued mapping K : X x A\ — 2%
by
{lx :x e X,x = x = —x}, if x < -1,
K@, w)=q1{lulx:xeX, -1<x=<1}, if —1<x<l,
{lwlx :xeX,—x <x <x}, if x>1.
Obviously, K (-, -) is B-continuous with compact values on X x / . But the set-valued mapping

E(w)y={xeX:xeKx,u}
| R, if u=1,-1,
_[{x:xeX,—IMIEXSIMI}, if —l<u<l,
isnot B-l.scatu =1,0or u = —1.

5 An application

In this section, let the Hausdorff topological space /\ be the same as M, A be a nonempty,
closed and convex subset of a locally convex Hausdorff topological vector spaces X, and
C(x) = C be closed convex cone with nonempty interior for all x € X. We discuss the
solution stability for a class of parametric vector quasivariational inequality of the Minty
type.

Consider the following parametric vector quasivariational inequality problem [in short
(PVQD)]: find x € K(x, u) N A such that

(t,y —x) & —intC, Vy e K(x,n), t € T(y, ). (22)
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Denote the solution set of (PVQI) by S(u). Assume that K (x, ) N A # @ for all (x, n) €
X x A.

If C = R4, A is anonempty closed subset of R” and A is a nonempty, closed and convex
subset of R, K : R™ x \ — 28" and T : R™ x A\ — 28" are both set-valued mappings
with K being a closed-valued mapping, then (PVQI) reduces to the following parametric
quasivariational inequality of the Minty type [in short (PQI)] corresponding to a parameter
o € A:find xo € K (xo, ;o) N A such that

{t,xo—y) =0, Vye K(xo, o), t €T(y, o), (23)

which was considered by Lalitha and Bhatia (2011).

Theorem 5.1 Let A be a nonempty compact subset of X. For nuy € A, if the following
conditions are satisfied:

(i) E(-) is B-u.s.c with compact values at Lo,
(ii) Forany xo € K (xo, t0), (Xa» ko) —> (%0, f0) and

(to, yo — xo) € —intC for some yo € K(xo, 1£0), fo € T (y0, i40)
implies that there exists o such that
(tys Ya — Xo) € —intC  for some yq € K (Xq, ha)sta € T Vos Ha)-

Then the solution mapping S(-) is B-u.s.c at po. Further, S(-) is H-u.s.c at .

Proof It directly follows from Theorem 8 of Aubin and Ekeland (1984, Sect. 1, Chap. 3) and
Theorem 3.5. ]

Theorem 5.2 Let A be a nonempty compact subset of X. For nuy € N\, if the following
conditions are satisfied:

(1) E(-) is B-u.s.c with compact values at L,
(i) K(-,-)is B-Ls.con X x {uo},
(iii) T (-, -) is B-Ls.c with compact values on X x {{o}.

Then the solution mapping S(-) is B-u.s.c at pg. Moreover, S(-) is H-u.s.c at .

Proof Tt directly follows from Theorem 8 of Aubin and Ekeland (1984, Sect. 1, Chap. 3) and
Theorem 3.1. ]

Remark 5.3 Theorem 5.1 extends Theorem 3.2 of Lalitha and Bhatia (2011) in the following
aspects:

(i) The underlying space and the objective space are both extended from R" and (R™) to
Hausdorff topological vector spaces, respectively.

(ii) The parametric quasivariational inequality problem (PQI) is extended to the parametric
vector quasivariational inequality problem (PVQI).
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6 Conclusions

In this paper, under some suitable assumptions, the Berge (Hausdorff) upper semicontinuity,
Berge lower semicontinuity and closedness of the solution set mapping for the (PGMVQVI)
are established in Hausdorff topological vector spaces. Secondly, a parametric gap function
is introduced for the (PGMVQVI). Using the assumption (Hg)” and parametric gap function,
sufficient and necessary conditions of the Hausdorff lower semicontinuity and Hausdorff
continuity of the solution set mapping for the (PGMVQVI) are derived without monotonicity.
In the end, we also obtain the Berge (Hausdorff) upper semicontinuity of the solution set
mapping for a (PVQI), which is a generalization of the model discussed in Lalitha and Bhatia
(2011). Referees point out that our results can be applied to general variational inequalities
(Noor 1998,2000, 2004, 2006). In further research, we may study the following two questions:

Question I If the solution set mapping S of the (PGMVQVI) is B-u.s.c (H-u.s.c) at some
point (i, A) € A\ xM, does the condition (ii) of Theorem 3.5 hold?

Question II If the solution set mapping S of the (PGMVQVI) is B-lLs.c at some point
(e, A) € N\ xM, does the condition (ii) of Theorem 4.1 hold?

Acknowledgments The authors are greatly indebted to the anonymous referees and associated editor for
their very careful and valuable comments which led to an improved presentation of this manuscript. J.-W.
Chen was partially supported by the Natural Science Foundation of China and the Fundamental Research
Fund for the Central Universities. Z. Wan was partially supported by the Natural Science Foundation of China
(71171150).

References

Aubin JP, Ekeland I (1984) Applied nonlinear analysis. Wiley, New York

Aussel D, Cotrina J (2011) Semicontinuity of the solution map of quasivariational inequalities. J Glob Optim
50:93-105

Bank B, Guddat J, Klatte D, Kummer B, Tammer K (1982) Nonlinear parametric optimization. Akademie-
Verlag, Berlin

Barbagallo A, Cojocaru MG (2009) Continuity of solutions for parametric variational inequalities in Banach
space. J Math Anal Appl 351:707-720

Berge C (1963) Topological spaces. Oliver and Boyd, London

Chen JW, Wan Z (2011) Existence of solutions and convergence analysis for a system of quasivariational
inclusions in Banach spaces. J Inequal Appl 49:1-14. doi:10.1186/1029-242X-2011-49

Chen JW, Cho YJ, Wan Z (2011) Shrinking projection algorithms for equilibrium problems with a bifunc-
tion defined on the dual space of a Banach space. Fixed Point Theory Appl 91:1-11. doi:10.1186/
1687-1812-2011-91

Chen GY, Goh CJ, Yang XQ (2000) On gap functions for vector variational inequalities. In: Giannessi F (ed)
Vector variational inequalities and vector equilibria. Kluwer, Dordrecht, pp 55-72

Chen GY, Yang XQ, Yu H (2005a) A nonlinear scalarization function and generalized quasi-vector equilibrium
problems. J Glob Optim 32:451-466

Chen GY, Huang XX, Yang XQ (2005b) Vector optimization: set-valued and variational analysis. Lecture
notes in economics and mathematical systems, vol 285. Springer, Berlin, pp 408-416

Chen CR, Li SJ, Fang ZM (2010) On the solution semicontinuity to a parametric generalized vector quasi-
variational inequality. Comput Math Appl 60:2417-2425

Chen JW, Wan Z, Zou Y (2012a) Bilevel invex equilibrium problems with applications. Optim Lett. doi:10.
1007/s11590-012-0588-z

Chen J-W, Wan Z, Cho YJ (2012b) Nonsmooth multiobjective optimization problems and weak vector quasi-
variational inequalities. Comput Appl Math. doi:10.1007/s40314-013-0014-x

Chen JW, Wan Z, Zou Y (2013) Strong convergence theorems for firmly nonexpansive-type mappings and
equilibrium problems in Banach spaces. Optimization 62:483-497

Facchinei F, Pang JS (2003) Finite dimensional variational inequalities and complementarity problems, vol I
and II. Springer, New York

@ Springer f bMA


http://dx.doi.org/10.1186/1029-242X-2011-49
http://dx.doi.org/10.1186/1687-1812-2011-91
http://dx.doi.org/10.1186/1687-1812-2011-91
http://dx.doi.org/10.1007/s11590-012-0588-z
http://dx.doi.org/10.1007/s11590-012-0588-z
http://dx.doi.org/10.1007/s40314-013-0014-x

Semicontinuity for PMVQVI 129

Giannessi F (1980) Theorems of alterative, quadratic programs and complementary problems. In: Cottle RW,
Giannessi F, Lions JC (eds) Variational inequality and complementary problems. Wiley, New York

Giannessi F (1998) On Minty variational principle. In: Giannessi F, Komloski S, Tapcsack T (eds) New trends
in mathematical programming. Kluwer, Dordrecht, pp 93-99

Giannessi F (2000) Vector variational inequalities and vector equilibria: mathematical theories. Kluwer, Dor-
drecht

Huang NJ, Li J, Thompson HB (2006) Stability for parametric implicit vector equilibrium problems. Math
Comput Model 43:1267-1274

Khanh PQ, Luu LM (2007) Lower semicontinuity and upper semicontinuity of the solution sets and approxi-
mate solution sets of parametric multivalued quasivariational inequalities. J Optim Theory Appl 133:329—
339

Kien BT (2005) On the lower semicontinuity of optimal solution sets. Optimization 54:123-130

Lalitha CS, Bhatia G (2011) Stability of parametric quasivariational inequality of the Minty type. J Optim
Theory Appl 148:281-300

Li SJ, Teo KL, Yang XQ, Wu SY (2006) Gap functions and existence of solutions to generalized vector
quasi-equilibrium problems. J Glob Optim 34:427-440

Li SJ, Chen CR (2009) Stability of weak vector variational inequality. Nonlinear Anal TMA 70:1528-1535

Noor MA (1988) General variational inequalities. Appl Math Lett 1:119-121

Noor MA (2000) New iterative scheme for general variational inequalities. J Math Anal Appl 152:217-229

Noor MA (2004) Some developments in general variational inequalities. Appl Math Comput 251:199-277

Noor MA (2006) Merit functions for general variational inequalities. J Math Anal Appl 316:736-752

Wong MM (2010) Lower semicontinuity of the solution map to a parametric vector variational inequality.
J Glob Optim 46:435-446

Yang XQ, Yao JC (2002) Gap functions and existence of solutions to set-valued vector variational inequalities.
J Optim Theory Appl 115:407-417

Yen ND (1995) Holder continuity of solutions to a parametric variational inequality. Appl Math Optim 31:245—
255

Zhao J (1997) The lower semicontinuity of optimal solution sets. ] Math Anal Appl 207:240-254

Zhong RY, Huang NJ (2010) Stability analysis for minty mixed variational inequalities in reflexive Banach
spaces. J Optim Theory Appl 147:454-472

Zhong RY, Huang NJ (2011a) Lower semicontinuity for parametric weak vector variational inequalities in
reflexive Banach spaces. J Optim Theory Appl 150:317-326

Zhong RY, Huang NJ (2011b) Lower semicontinuity for parametric weak vector variational inequalities in
reflexive Banach spaces. J Optim Theory Appl 149:564-579

@ Springer f DMAC



	Semicontinuity for parametric Minty vector quasivariational inequalities in Hausdorff  topological vector spaces
	Abstract
	1 Introduction
	2 Preliminaries
	3 Upper semicontinuity
	4 Lower semicontinuity
	5 An application
	6 Conclusions
	Acknowledgments
	References


