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Abstract In this paper, bilevel invex equilibrium problems of Hartman-Stampacchia
type and Minty type [resp., in short, (HSBEP) and (MBEP)] are firstly introduced in
finite Euclidean spaces. The relationships between (HSBEP) and (MBEP) are pre-
sented under some suitable conditions. By using fixed point technique, the nonempti-
ness and compactness of solution sets to (HSBEP) and (MBEP) are established under
the invexity, respectively. As applications, we investigate the existence of solution and
the behavior of solution set to the bilevel pseudomonotone variational inequalities of
[Anh et al. J Glob Optim 2012, doi:10.1007/s10898-012-9870-y] and the solvability
of minimization problem with variational inequality constraint.
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1 Introduction

The equilibrium problem, which was first introduced by Blum and Oettli [5], provides a
unified model of many problems such as optimization problems, variational inequality
problems, complementarity problems, fixed point problems and so on. Subsequently,
equilibrium and generalized different types of equilibrium problems were intensively
studied (see, e.g., [3,4,7-10,20] and the references therein). Let H be a Hilbert space
and D be anonempty closed subsetof H, P : D x D — R be a continuous bifunction.
Noor [27,28] introduced and studied the following invex equilibrium (equilibrium-
like) problem: find # € D such that

P(u,n(w,u)) >0, VYveD,

where the mapping 1 : D x D — D. Thereafter, Noor et al. [29,30] further studied
the invex equilibrium (equilibrium-like) problems in different ways. They pointed out
that the invex equilibrium problem contained variational-like inequalities, equilibrium
problems and variational inequalities as special cases. Guu and Li [19] also studied
this class of problem in the setting of the vector-valued case, but they did not use
the term invex equilibrium problem. The relationships between vector variational-
like inequalities and vector optimization problems were established under the some
suitable assumptions. That is, the invex equilibrium problem is closely related to the
optimization problem.

For the past decades, mathematical programs with variational inequality, equilib-
rium and complementarity constraints have attracted many scholars’ interests (see,
e.g., [4,18,22-25,31,32] and references therein). In 2010, Moudafi [26] introduced a
class of bilevel equilibrium problem [for short, (BEP)]: find x € SF such that

H(x,y) =0, Vye€SF,

where S is the solution set of the following equilibrium problem: find # € K such
that

F(u,y)>0, VyeKk,

where K is a nonempty closed convex subset of a Hilbert space, and H, F :
K x K — R are two functions. He pointed out that this class is interesting since
it includes hierarchical optimization problems, optimization problems with equilib-
rium, variational inequalities and complementarity constraints as special cases. By
using the proximal method, an iterative algorithm to compute approximate solution
of the (BEP) and the weak convergence of the iterative sequence generated by the
algorithm were suggested and derived, respectively. Motivated by Moudafi’s works
[26], Ding [11,12] considered the following bilevel mixed equilibrium problem [for
short, (BMEP)] [(1.1),(1.2)] in reflexive Banach spaces: find x € Sy y such that

h(x,y)+¢(y,x) —¢(x,x) =0, Vye Sy, (1.1)

where S,y is the solution set of the following mixed equilibrium problem: find
y € K such that
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fO, ) +v(@ ) —¥(,y) =0, Vzek, (1.2)

where E is a real Banach space with its dual space E*, the norm and the dual pair
between E and E* are denoted by | - || and (-, -), respectively. Let K be a nonempty
closed convex subset of E, h, f : K x K — RU{+oo}andletop, ¢ : E X E —
R U {400} be functions. Ding [11,12] studied the existence of solution and iterative
algorithms for (BMEP) [(1.1), (1.2)]. Since then, Anh et al. [1,2], Chadli, Mahdioui
and Yao[6], Ding [13,14], Liou and Yao [15] and Dinh and Muu [16] continued to
study the (BEP) on existence, well-posedness and algorithm aspects in the setting of
convexity. However, in many cases, it is difficult to ensure the convexity.

Throughout this paper, let R” be n-dimensional Euclidean space, K be a nonempty
subset of R", IC a closed convex subset of R” with K C K, andletn : £ x K —
R", &,V : K x K - RU {400} be functions. We denote co and clco by the convex
hull and the closed convex hull, respectively.

Motivated and inspired by the above works, we consider the following bilevel
invex equilibrium problem of Hartman-Stampacchia type [for short, (HSBEP)]: find
x € Sys such that

P(x,n(y,x)) =0, Vye Sys, (1.3)

where Sg s is the solution set of the lower level invex equilibrium problem: find y* € K
such that

‘I‘(y*s n(Zs y*)) > 07 Vz € Ka (14)

where K is an invex subset of R".

Denote the solution set of (HSBEP) [(1.3), (1.4)] by 8ys.

We also consider the following bilevel invex equilibrium problem of Minty type [for
short, (MBEP)]: find x € S); such that

@(y, —n(y,x)) =0, Vye€ Su, (1.5)

where Sy is the solution set of the lower level mixed equilibrium problem: find y* € K
such that

W(z, —n(z,y%) <0, VzeK. (1.6)

Denote the solution set of (MBEP) [(1.5), (1.6)] by Ry;.
We first recall some definitions and lemmas which are needed in the main results
of this work.

Definition 1.1 [28] K is said to be n-connected if, for any x, y € K and ¢ € [0, 1],
x+1tn(y,x) € K.

Remark 1.1 If K is n-connected, we also say K is an invex set with respect to 7.
Moreover, any convex set is an invex set with respect to n(x, y) = x — y.
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Definition 1.2 The bifunction W is said to be

(i) n-pseudomonotone on K if, for any x, y € K,
Y(y,n(x,y) >20=V(x, —nx,y) <0;

(i1) strictly n-pseudomonotone on K if, for any x, y € K,

\Ij(x,_n(x7Y))<0, lf x#ya

Yy, nx,y)=0= [ W(x, —n(x,y)) <0, otherwise.

It is easy to see that the strict n-pseudomonotonicity implies the n-pseudomo-
notonicity. But the converse is not true. If n(x, y) = x — y for all x, y € R", then
the n-pseudomonotonicity is reduced to the pseudomonotonicity of Lalitha and Mehta
[21].

Example 1.1 Let K = [0, 1], and let n(x,y) = cosx — cosy, V(y,n(x,y)) =
(siny — 1,cosx —cosy) forall x, y € K. Itis easy to verify that ¥ (y, n(x, y)) =
(siny — 1,cosx — cosy) > 0 whenever y < x. Note that foreach x,y € K,y <
x,sinx — 1 < 0andcosy —cosx > 0. Then

W(x, —n(x,y)) = (sinx —1,cosy —cosx) <0, Vx,yeK,y<x.

This implies that W is n-pseudomonotone on K. Clearly, ¥ is also strictly n-
pseudomonotone on K . Indeed, ifx, y € K, y < x,thensinx—1 < 0, cos y—cos x >
0 and so,

W(x, —n(x,y)) = (sinx — 1,cosy —cosx) < O.

Example 1.2 Let K = [—1, 1] and let n, W be the same as Example 1.1. It is easy to
verify that W(y, n(x, y)) = (siny — 1, cosx — cosy) > 0 whenever |y| < |x|. Note
that foreach x, y € K, |y| < |x],sinx — 1 < 0 and cosy — cosx > 0. Then

Y(x, —n(x,y)) = (sinx —1,cosy —cosx) <0, Vx,yeKk,|yl <|x]

Therefore, W is n-pseudomonotone on K. But W is not strictly n-pseudomonotone on
K.Indeed,if y=—1 <x =1,thensinx — 1 < 0,cosy — cosx = 0 and so,

W(x, —n(x,y)) = (sinx — 1,cosy —cosx) = 0.
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Definition 1.3 [19] The function x +— n(x, -) is said to be

(i) R%-convex if, for any x; € K (j = 1,2,...,m) and t; € [0, 1] with
ZT:I tj = 1,

m m

n.

n thxj,' eztjn(xjv')_RJ,_a
=1 j=I

(ii) affine if, forany x; e K (j =1,2,...,m) and ¢; € [0, 1] with 2?’:1 tj =1,

m m
n D x| =D ).
J=1 j=1

Definition 1.4 [19] Let K be n-connected. The bifunction ¥ is said to be n-
hemicontinuous on K if, for any x,y € K and ¢t € [0, 1], the mapping ¢ >
W(x +tn(y, x), —n(y, x)) is continuous at 0T,

Remark 1.2 If n(x,y) = x — y for all x, y € K, then the n-hemicontinuity reduces
to hemicontinuity.

Definition 1.5 [19] The bifunction W is said to be

(i) subodd if, for any x € K andd € R",
W(x,d)+W¥(x,—d) >0;

(ii) generalized subodd if, for any x € K and d; € R"(j = 1,2,...,m) with
Z;'nzl dj =0,

> wx.d)) =0.

j=1
It easily follows from Definition 1.5 that if W is generalized subodd, then W is sub-

odd. For example, we put ¥ (x, y) = (e*, y) forall x, y € R". Then W is generalized
subodd.

Definition 1.6 [30] Let K be n-connected (i.e., invex with respect to ). A function
f + K — R is said to be invex with respect to 7 if,

fOr+m(y2, y) <tf)+ A=) f(y1) Yyi,» €K, te(0,1).

Definition 1.7 [24] Let g : R" — R. g is said to be positively homogeneous if,
g(Ax) = Ag(x) forall x € R" and A > O.
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Definition 1.8 [17] A set-valued mapping 7 : K — 2% is said to be

(i) closed ifits graph, denoted by Gr(T) = {(x,¢) € K x R" : ¢ € T(x)}, is closed
in R" x R";
(i1) KKM mapping if, for each finite subset {x1, x2, ..., x;} of K, co{xy, x2, ..., X}

is contained in U'j": 1 T'(x;), where co denotes the convex hull.

Lemma 1.1 (Fan-KKM theorem [17]) Let T : K — 2%" be a KKM mapping such
that for any x € K, T (x) is closed and T (x*) is bounded for some x* € K. Then
there exists y* € K such that y* € T (x) forall x € K, i.e., (|, cx T(x) # 0.

2 Main results

In this section, we shall investigate the relationships between (HSBEP) and (MBEP),
and the existence of solutions to (HSBEP) and (MBEP) under some suitable conditions.

Lemma 2.1 (i) If\V is n-pseudomonotone on K, then Sgs C Sy

(ii) If K is an invex set with respect to n, n(y + tn(z,y),y) = tn(z,y) for any
v,z € Kandt € (0,1) and ¥ is positively homogeneous with respect to the
second argument, subodd and n-hemicontinuous on K, then Sy C Sys.

Proof (i) By the n-pseudomonotonicity of W, we can derive the desired result.
(ii) Assume that y* € Sy;. Then y* € K and

W(z, —n(z,y") =0, VzeK.
Since K is an invex set with respect to 7, we obtain that z + 7 (z, y*) € K for all

z € K and t € (0, 1). This, together with n(y* + tn(z, y*), y*) = tn(z, y*) and
positive homogeneity of W with respect to the second argument, yields that

0>V +m(z, y*),—%n(y* +1(z, %), y9)

=Wy +in(z, y),—n(z, y9). 2.1

By the n-hemicontinuity of W, taking the limit in (2.1) as ¢ — 07, one has
Wy, =n(z, ") < 0. 22)

In view of the suboddness of W, we get

YO0y )+ YO, -z y)) =0
and from (2.2),

V(O y)) =0 VzeKk.

Therefore, y* € Sys. This completes the proof. O
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Remark 2.1 Compared with Theorem 2.1 of Guuand Li [19], the conditionn(z, z) =0
for all z € K is removed.

The following result is a direct consequence of Lemma 2.1.

Corollary 2.1 Let K be aninvex set with respectton andn(y+tn(z, y), y) = tn(z, y)
forall y,z € K andt € (0,1), and let ¥ be subodd, n-pseudomonotone and n-
hemicontinuous on K. Then Sgs = Sy.

Lemma 2.2 Assume that all conditions of Corollary 2.1 are satisfied. If ® is sub-
odd, n-pseudomonotone and n-hemicontinuous on K. Then (HSBEP) [(1.3), (1.4)] is
equivalent to (MBEP) [(1.5), (1.6)].

Proof From Corollary 2.1, one has Sys = Sy. The rest of the proof is similar to the
proof of Lemma 2.1 and so it is omitted here. This completes the proof.

Theorem 2.1 Let K C R”" be a nonempty closed and invex set with respect to n with
n(x,x) =0forall x € Kand n(y +tn(z,y),y) = tn(z,y) forall y,z € K and
t € (0, 1). Assume that the following conditions hold:

(i) n is affine with respect to the first argument, and continuous with respect to the
second argument;

(i) ® and \V are positively homogeneous and continuous with respect to the second
argument, and n-pseudomonotone, generalized subodd and n-hemicontinuous
on KC;

(iii) For each y, z € K, the functions ®(y, —n(y,-)) and V(z, —n(z, -)) are invex
with respect to the n on K ;

(iv) There exists a nonempty closed bounded convex set Q@ C K such that for each
y € K\, there exists z € 2 that satisfies VY (z, —n(z, y)) > 0.

(v) Further, assume that there exists a nonempty closed bounded convex set
E C Spys such that for each x € Sys\E, there exists y € E that satisfies
®(y, —n(y,x)) > 0.

Then Rpgs and Ry are two nonempty compact and invex sets with respect to .

Proof From Corollary 2.1 and Lemma 2.2, one has Sgs = Sy and Rgs = Ny This,
together with (iv) and (v), implies that Sgs = Syy € Q and Rpgs =Ny C E.

Let us show that Sy g and Sj; are nonempty and closed. For any sequence {y,,} €
Sy with y,, — yo, we have y,, € K and

V(z, —n(z, ym)) <0, VzeK. (2.3)

By the continuity of n and W with respect to the second argument, and from (2.3), one
has yp € K and

V(z,—n(z,y0)) <0, VzeKk,

that is, yo € Sys. Therefore, Sy, and Sy are closed and so are compact. In order to
prove that Sy, # @, we define a set-valued mapping H : K — 2K by

H(z) ={yeQ:¥(z,—n(z,y)) <0}, VzeKk.
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Similarly, foreach z € K, H(z) is closed and so is bounded, since €2 is bounded. More-
over, for each z € K, H(z) is compact. Clearly, Sys = Sy = ﬂzeK H(z). We only
need to prove that (.., H(2) # @.Itis sufficient to show that { H (z)}.ck satisfies the
finite intersection property. Let {z1, 22, ..., zn} € K and L = clco[{z1, 22, .. - » Zm }U
2]. Since €2 is a nonempty closed bounded convex subset of K, L is a nonempty closed
bounded convex set, that is, L is a nonempty compact and convex set. Again from the
closedness and convexity of K and K C /C, one has L C K.
Define two set-valued mappings E, F : L — 2L by, respectively,

E(z)={yeL:¥(z,—n(z,y) <0}, VzelL 2.4)
and
F(z)={yeL:¥Y(y,n(y)=0}, Vzel. (2.5

By the n-pseudomonotonicity of W, we can get that E(z) 2 F(z) forall z € L. In the
light of n(z, z) = 0 for all z € K, from the positive homogeneity of W with respect to
the second argument, one has

V(z,—1(z,2))=VY(z,0)=V(z,-An(z,2)) =AY (z,—0(z,2)), Vze L, A>0,A#1.

Thus, W(z, —n(z,z)) = Y(z,0) = 0. This implies that for each z € L,z € E(2).

Similarly, for each z € L,z € F(z). Therefore, E(z) # ¢ and F(z) # ¢ for all

z € L. Next, we show that F is a KKM mapping. Suppose that there exist a finite

subset {z1, 22, ..., zZm} of L and z* € co{z1, 22, . . ., Zm}, Which means that there exist

tj >0 = 1,2,....,m) with 37, #; = 1 that satisfy z* = >°"_, #;z;, such that

7" ¢ U;’-;] F(zj). Since L is a convex subset of K, z* € L. By (2.5), one has
U(z*n(zj,2") <0, j=12,....m.

Moreover, we have
m
D 1VE (). 2) <0.
j=1

Again, from the positive homogeneity of W with respect to the second argument and
affinity of n with respect to the first argument, we obtain

m m
W 0) =W 0@, TN =W 5 D 0, ) | =25 (E 0, 7)) <0,
j=1 j=1

which contradicts W (z*, 0) = 0. So, F is a KKM mapping. In view of E(z) 2 F(z) for
all z € L, we conclude that E is also a KKM mapping. Since  and W are continuous
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with respect to the second argument, for each z € L, E(z) is closed and so is bounded.
Then, from Lemma 1.1, ﬂzeL E(z) # 0, i.e., there exists y* € L such that

W(z, —n(z, ") <0, VzelL.

It follows from (iv) that y* € Q and y* € H(z;),j = 1,2, ..., m. Therefore, H
has the finite intersection property and so, (). x H(z) # . Then Sys = Sy # 9.
Let yf,y5 € Sy andt € (0,1). Put y;, = y; +tn(y2, y1) € K. Since for each
z € K, ¥(z, —n(z,-)) is invex with respect to n on K, one has

W(z, =n(z, y1)) = Y(z, —=n(z, y1 +n(y2, y1)))
<tW(z, —n(z, y2)) + (1 =)W (z, —n(z, y1)) <0,

ie.,
W(z, —n(z,y)) <0, VzeK.

Consequently, Sy and Sy g are invex subsets of K with respect to 1. To sum up, Sgs
and Sy, are two nonempty compact and invex sets with respect to 1. Similarly, we can
conclude that Ry g and R, are two nonempty compact and invex sets with respect to
n. This completes the proof. O

Remark 2.2 In Theorem 2.1, K € R" is an invex set with respect to 7 but not convex.
We can not directly establish the existence of solutions for (HSBEP) and (MBEP) by
using the Fan-KKM theorem. In view of this, we consider a convex subset /C of R”
with K C K.

Theorem 2.2 Assume that all conditions of Theorem 2.1 are satisfied. Let n(x, y) +
n(y,x) =0 forall x,y € K and ® be strictly n-pseudomonotone on K. Then Rys
and Ry are two singletons.

Proof By Theorem 2.1, Ry s and 83, are two nonempty compact and invex sets with
respect to n and so, Ngs = Rys. Let us show that Ry g and R, are two singletons.
Suppose to the contrary that there existx1, xo € Nygwithx; # x2. Thenxy, x3 € Sys,
@(x1,n(y,x1)) =0, Vye€ Sus (2.6)
and
®(x2,n(y, x2)) =0, Vy e Sys. 2.7
Substituting y = x7 and y = x1 into (2.6) and (2.7), respectively, we have
@ (x1, n(x2,x1)) =0 (2.8)

and

D (x2, n(x1,x2)) > 0. (2.9)
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Since @ is strictly n-pseudomonotone on K, and from (2.9),
@ (x1, —n(x1, x2)) < 0.

Owing to n(x, y) + n(y,x) = 0 for all x, y € K. Then n(xy, x2) + n(xz,x1) = 0,
i.e., n(x2, x1) = —n(x1, x2). Thus

D (x1, n(x2,x1)) <0,

which contradicts (2.8). This completes the proof. O

In particular, if the lower invex equilibrium problems of (HSBEP) and (MBEP)
have unique solutions, then (HSBEP) and (MBEP) also have unique solutions.

Theorem 2.3 Assume that all conditions of Theorem 2.1 are satisfied. Let n(x, y) +
n(y,x) = 0forall x,y € K and ¥ be strictly n-pseudomonotone on K. Then Rpys
and Ry are two singletons.

Proof From Theorem 2.1, X s and N3, are nonempty. So, Sgs and Sy; are nonempty.
By the similar proof of that of Theorem 2.2, we can conclude that Sys and Sy, are
two singletons. Without loss of generality, let Sys = Sy = {y*}. Since n(x, y) +
n(y,x) =0forall x, y € K, one has n(y*, y*) = 0. Taking into account the positive
homogeneity of ® with respect to the second argument,

QO O,y = @000 = T A0, y)) = ARG, 0, ¥), YA> 0,4 # 1.
Moreover, one has ®(y*, n(y*, y*)) = 0. Therefore, Rgs = Ny = {y*}. This
completes the proof. O

Example 2.1 Let R" = R = (—00,4+00), K = K = [—1,1], n(x, y) = 5= for
all x,y € K, and let ®(x, n(y,x)) = (2x, 55~) = x(y — x) and W(y, n(z,y)) =

(v, 5%) = yz—;yz for all x, y,z € K. Then K is invex with respect to 1. Put Q =
E = {0}. It is easy to check that all conditions of Theorems 2.2 and 2.3 are satisfied.
After computation, Rgg = Ry = {0}.

Ifn(x,y) =x—yforallx, y € I, then, from Theorems 2.1 and 2.2, the following
results hold:

Corollary 2.2 Let K be a nonempty closed and convex subset of R", ® and W be
positively homogeneous and continuous with respect to the second argument, and
pseudomonotone, generalized subodd and hemicontinuous on K. Assume that the
following conditions hold:

(i) Foreachy,z € K, the functions ®(y, - — y) and V(z, - — z) are convex on K ;
(ii) There exists a nonempty closed bounded convex set Q C K such that for each
y € K\, there exists z € 2 that satisfies V(z,y — z) > 0;
(iii) There exists a nonempty closed bounded convex set & C Sy such that for each
x € Sys\E, there exists y € E that satisfies ®(y,x — y) > 0.

Then Rps and Ry are nonempty compact and convex.
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Corollary 2.3 Assume that all conditions of Corollary 2.2 are satisfied. Let ® be
strictly pseudomonotone on IC. Then Rgs and Ry are two singletons.

3 Applications

In this section, we shall apply the obtained results in Sect. 2 to solve bilevel
pseudomonotone variational inequalities which was studied under the assumption
of existence of its solution by Anh et al. [1] from the theory algorithm point of view,
and study a class of minimization problem with variational inequality constraint.

(I) Bilevel pseudomonotone variational inequalities. Let C be a nonempty closed
convex subset of R with inner product (-, -) and norm || - ||. Anh et al. [1] studied the
following so-called bilevel variational inequalities (BVI):

find x* € Sol(G,C) suchthat (F(x*),x —x*) >0, Vx e Sol(G,C),
3.1

where F : Sol(G,C) — R",Sol(G,C) is the solution set of the variational
inequality:

find y* € C suchthat (G(y*),y —y*) >0, VyeC, (3.2)

where G : C — R".
Letn(z,y) =z—yforallz, y € R". Then C is an invex subset of R" with respect
to the 7.

Definition 3.1 [1] Let C be a nonempty subset of R”, and A : C — R" be a vector-
valued mapping. A is said to be

(i) monotone if (Ay — Az, y —z) >0forall y,z € C;
(i) pseudomonotone if for any y, z € C,

(A(y),z—y)=20= (Az,z—y) = 0;

(iii) strictly pseudomonotone on C if for any y, z € C,

(A(y),z—y) =2 0= (Az,z—y) >0

and A is pseudomonotone on C.

Remark 3.1 Letn(z,y) =z—yand ¥(y,z —y) = (A(y),z—y) forall z,y € C.
It is easy to check that the following statements are true:

() if A is pseudomonotone on C, then W is also n-pseudomonotone on C;
(i1) if A is strictly pseudomonotone on C, then W is also strictly n-pseudomonotone
on C.
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Theorem 3.1 Let C be a nonempty closed and convex subset of R", G and F be
continuous and pseudomonotone on C. Assume that there exists a nonempty closed
bounded convex set A C C such that for each y € C\A, there exists z € A that
satisfies (G(z),y — z) > 0. If there exists a nonempty closed bounded convex set
V C Sol(G, C) such that for each x € Sol(G, C)\V, there exists y € V that satisfies
(F(y),x —y) > 0, then the solution set of (BVI) is nonempty compact and convex.

Proof Letn(y,x) =y —x, ®(x,y—x) = (F(x),y—x)and W(y, z — y) = (G(y),
z—y)forallx,y,z € C.Foreach y,z € Candt € (0, 1), n(y +tn(z,y),y) =
y+t(z—y)—y =1t(z—y) = tn(z, y), and moreover, condition (i) of Theorem 2.1 is
satisfied. It is easy to see that conditions (iv) and (v) of Theorem 2.1 are also true. We
only need to prove that the conditions (ii) and (iii) of Theorem 2.1 hold. By the defini-
tion of ® and W, ® and W are positively homogeneous and continuous with respect to
the second argument. Since G and F be continuous and pseudomonotone on C, from
Remark 3.1, it follows that ® and W are n-pseudomonotone and n-hemicontinuous
onC.Foranyx € C,dj € R"(j =1,2,...,m) andZ'};ldj =0,

m

Z@(x,dj) = Z(F(X)»dj) = <F(x), zdj> >0
j=1 /=t

Jj=1

and

D Wx.dj) =D (Gx).dj) = <G(x), Zd,> > 0.
j=1

Jj=1 Jj=1

That is, ® and W are generalized subodd. Note that for each y,z € C,
O(y, —n(y, ) = (F(y),- — y) and ¥(z, —n(z, )) = (G(2), - — z). Then, for each
v,z € K, the functions ®(y, —n(y, -)) and ¥(z, —n(z, -)) are convex on C, i.e.,
®(y, —n(y,-)) and W(z, —n(z, -)) is invex with respect to the n on C. To sum up,
all conditions of Theorem 2.1 hold. Therefore, from Theorem 2.1, the solution set of
(BVI) is nonempty compact and convex. This completes the proof. O

Theorem 3.2 Assume that all conditions of Theorem 3.1 are satisfied. Let F be strictly
pseudomonotone on C. Then the solution set of (BVI) is a singleton.

Proof It immediately follows from Theorems 2.2 and 3.1 and Remark 3.1 (ii). This
completes the proof

(IT) Minimization problem with variational inequality constraint Let D be a non-
empty closed and invex subset of R = (—o0, 4-00) with respect to the mapping
n:RXR — R,nx,y)+n(y,x) = 0forall x,y € D, D be a closed convex
subset of R with D C D and let the functions f : D — Rand g : D — R be
continuously differentiable. Further, we assume that both the functions f and g are
invex with respect to the same n : R x R — R. Now we consider the following
minimization problem with variational inequality constraint (MPEC):

minees, f(x),
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where S, is the solution set of the variational inequality:
find x € D suchthat (g(x),n(y,x))>0, ye€D.

Definition 3.2 [3] Letn: R x R — R. g is said to be

(i) monotone with respect to n if, (g(y) — g(x), n(y, x)) > Oforall x, y € D;
(i1) strictly monotone with respectto 7 if, (g(y) —g(x), n(y, x)) > Oforallx, y € D.

Lemma 3.1 [27,28] Let f be a differentable function on the invex subset K of R and
n be a bifunction such that n(x, x +tn(y, x)) = —tn(y, x) and n(y, x +tn(y, x)) =
(1 —=t)n(y,x) forallx,y € K andt € [0, 1]. Then the following are equivalent:

(i) the function f is invex with respect to n;
(ii) f(2) = fO1) = (f'OD,n(2, y0) for all yy,y2 € K, where f'(y1) is the
differential of f at yi;

(iii) f’ is monotone with respect to 1.
It is easy to obtain the following result from Lemma 3.1.

Lemma 3.2 Assume that all conditions of Lemma 3.1 are satisfied. If f and — f are
invex with respect to n, then x € K is a solution of the problem min,cg f(x) if and
only if it is a solution of the following variational inequality:

find x € K suchthat (f'(x),n(y,x)) >0, VyeK.

Now we study the existence of solution of (MPEC) by using Theorem 2.1.

Theorem 3.3 Let n : R x R — R be affine with respect to the first argument, and
continuous with respect to the second argument and D C R be a nonempty closed and
invex set with respect to n with n(y, y +tn(z, y)) = —tn(z, y), n(z, y + tn(z, y)) =

(I =0Dn(z, y) and n(y + 1n(z,y), y) = 1z, y) forall y,z € D and t € (0, 1).
Assume that the following conditions hold:

(i) f and — f are invex with respect to n;
(ii) Foreachy,z € D, the functions { f'(y), —n(y, -)) and (g(z), —n(z, y)) are invex
with respect to the n on D;
(iii) There exists a nonempty closed bounded convex set W C D such that for each
y € D\W, there exists z € W that satisfies that (g(z), —n(z,-)) > 0;
(iv) There exists a nonempty closed bounded convex set T C S, such that for each
x € S\T, there exists y € T that satisfies ( f'(3), —n(3, x)) > 0.

Then (MPEC) is solvable.

Proof Let ®(x, n(y, x)) = (f'(x), n(y, x)) and W (y, n(z, y)) = (g(»), n(z, y)) for
all x, y,z € D. Note that n is continuous with respect to the second argument, and
n(y,y+1tn(z,y) = —tn(z,y) forall y,z € D and ¢t € (0, 1). From these, we can
derive that n(y, y) = O forall y € D. Clearly, ® and W satisfy the conditions (ii)—(iv)
of Theorem 2.1 By the same argument of Theorem 2.1, we have that S, is nonempty
compact and invex with respect to 7. Since f and — f are invex with respect to 1, from
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Lemma 3.2, we know that x € S, is a solution of the problem minxesg f(x) if and
only if it is a solution of the variational inequality (VD): find x € S, such that

D(x,n(y, x) = (f'(x),n(y,x)) >0, VyeS,.

Thatis, (MPEC) is equivalent to the following bilevel equilibrium problem: find x € S,
such that

O (x, n(y, X)) = (f'(x),n(y,x)) =0, Vye S, (3-3)

where S, is the solution set of the equilibrium as follows: find y € D such that

W(y,n(y,z) =g, n y) >0, VzeD. 3.4

Clearly, ¥ satisfies all conditions of Theorem 2.1 It follows from Theorem 2.1 that
the bilevel equilibrium problem (3.3) with (3.4) has a solution. Therefore, (MPEC) is
solvable. This completes the proof. O
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